
June 3, 2022

Third intermediate test - Signal processing and information theory

Question A Write the expresion for the mean ;F and the variance f 2F of a r.v. F in terms of its
moments with respect to the p.d.f. >- (F).

Question B Do you know how to saturate the joint p.d.f. >^ (x) of a multivariate r.v. x =

[F1, F2, F3] in order to obtain the p.d.f. of one (or more) of its constituent marginal random
variables? (use continous or discrete domain notation, as you prefer)

Question C

1. Write the equivalence between a time average evaluated on the 8Bℎ member F 8 (B) of a
stationary process, and the expected value �

{
F 8

}
for a r.v. F 8 obtained by sampling it

randomly;
2. explain why (if the process is ergodic) the same is true for any member.

Question D

1. Describe the di�erence between correlation and covariance for a pair of r.v. F, G;
2. why does it happens that two statistically independent r.v. have zero covariance?
3. What is the only case in which uncorrelation implies statistical independence?
4. Can you tell in words why (3) holds true?

Question E Draw the result of the intercorrelation between F (B) and G (B),
i.e.

RFG (g) =
∫
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Question F Given a zero-mean, band-limited and ergodic process with PF (5 ) = #0
2 @42B2, (5 )

1. what is the autocorrelation function RF (g) for any of the process members? (probably it
is better if you draw it)

2. Show that RF (0) is equal to the power PF of any of the process members.
3. Let us now sample a member F (B) of the process with period) = 1/4, : write the expression

of the correlation between the �rst and the second sample, and between the �rst and the
second, that is of RF (0), RF ()) and RF (2)).

4. Now let the process to be gaussian, let’s call these consecutive samples F1, F2 and F3, and
consider them as the marginals of a tri-variate gaussian r.v. x = [F1, F2, F3]. Then write
the covariance matrix � with elements f7 8 = �

{
F7F 8

}
(as they are zero-mean).

5. which marginal F7 can be said statistically independent of which F 8?



Question G Let us de�ne the function of a biochemical reaction as the observation of a r.v. G
whose value depends on the value of a r.v. F as a cause (can be concentrations). Let us
restrict our attention to a couple of binary r.v., i.e. such that F ∈

{
F0,, F1

}
and G ∈

{
G0,, G1

}
.

Finally, let us consider the realizations of F without memory, and described by an a priori
p.d.f. > (F0) and > (F1), and the dependence described by a set of forward conditional

probabilities
[
> ( G0/F0) > ( G0/F1)
> ( G1/F0) > ( G1/F1)

]
.

1. De�ne the entropy � (-) of the sequence F;
2. de�ne the mutual information between (for instance) F0 and G1;
3. de�ne the average mutual information � (- ;. ) between elements of F and G;
4. why the di�erence � (-) − � (- ;. ) = � (-/. ) (the average uncertainity about Fwhen G

is known) is called equivocation, and when does it become zero?
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