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Analog and numeric filters

I

n this chapter we will address the physical nature of filtering devices that we have
so far considered only from an analytical point of view. First of all we mention
the analog filters, i.e. those that act on a continous-time 𝑥 (𝑡) signal, based on
electrical and electronic components, and for which there are consolidated methods
of analysis and synthesis, respectively to determine the frequency response of a given
circuit, or vice versa to obtain the architecture and sizing of the components of a
circuit, starting from a description of the 𝐻 (𝑓 ) desired; in this context, the relationship
between the Fourier and Laplace transforms is addressed. Then comes the turn of
digital filters, which while continuing to operate on analog signals are characterized
by a computational architecture based on the simple operations of sum and product
of signal samples taken at regular intervals, and which therefore constitute a sort of
bridge between the analog and the numerical world.
If, on the other hand, the filtering action is carried out by operating directly on the
numerical representation of sampled signals, it means that we have moved into the
domain of numerical filters, which correspond to architectural schemes that can be
implemented indifferently both in hardware and in software, and for which we will
return to using the analytical tools of the zeta transform and its correlated dtft.

1.1

Analog filters

Let’s tackle this class of filters without go into many details (carried out in other courses),
limiting ourselves to describe the study method. As anticipated the analog filters operate
exclusively on time-continuous signals1 , and are made using a variety of techniques.
The most common type is based on lumped constants rlc circuits, called passive filter
as it does not require power, being made up of capacitors, inductors and resistors. The
difficulty of obtaining elements of high inductance but of small dimensions necessary
at the lowest frequencies has led to realize their function by means of operational
amplifiers2 giving rise (up to about 1 MHz) to active filters, while at higher frequencies
in addition to rlc, crystal, electromechanical, waveguide and microstrip filters can be
1 Including

2 See

therefore an analog signal carrying numerical information, § ??.
eg https://en.wikipedia.org/wiki/Gyrator
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Figure 1.1: Frequency response of a low pass filter for different polynomial families

created3 .
In all cases it is possible to carry out the analysis of the circuit and arrive at4 the
expression of a rational transfer function of the type
Í𝑀
𝑖
𝑁 (𝑠)
𝑖=0 𝑎𝑖 𝑠
𝐻 (𝑠) =
= Í𝑁
(1.1)
𝑗
𝐷 (𝑠)
𝑗=0 𝑏 𝑗 𝑠
(in which 𝑀 < 𝑁), defined on a complex plane 𝑠 = 𝜎 + 𝑗2𝜋𝑓 , and setting 𝑠 = 𝑗2𝜋𝑓 we
obtain the frequency response5 𝐻 (𝑓 ) = 𝐻 (𝑠 = 𝑗2𝜋𝑓 ). The degree 𝑁 of the denominator
of (1.1) (equal to the number of its roots or poles) defines the order of the filter, and is
related both to its manufacturing complexity and to the speed of variation of 𝐻 (𝑓 ).
Type of polynomial and filter The design space of the filter is delimited by constraining the polynomials 𝑁 (𝑠) and 𝐷 (𝑠) to belong to one of the families said of Bessel,
of Butterworth, of Chebyschev or Cauer (or elliptical filters)6 , which essentially differ
from each other in the position of the roots of the polynomial in the plane 𝑠; the figure
1.1 shows the modulus of the frequency response 𝐻 (𝑓 ) of a low-pass filter obtainable
in the different cases for the same order 𝑁 = 5.
For each family there are tables of pre-calculated coefficients for different values of
𝑁 and giving rise to a prototype low-pass filter, i.e. one with a unitary cutoff frequency
(see below); from this one obtains (through vari- H(f)
able exchange operations) the new coefficients for
any cut-off frequencies and for filters with other
f
f
types of frequency shape, i.e. high pass, band pass
low pass
high pass
and stop-band (or notch)7 ; the last two cases are
also achievable as a cascade or parallel of a highf
f
pass plus a low-pass respectively, with appropriate
band pass

3 See

stop band

eg https://en.wikipedia.org/wiki/Filter_(signal_processing)#Technologies
example, applying the transform of Laplace to the differential equations describing the inputoutput relationship of an rlc circuit.
∫
5 In fact if 𝑠 = 𝑗𝜋2𝑓 the definition of transform of Laplace 𝐻 (𝑠) = ∞ ℎ (𝑡) 𝑒−𝑠𝑡 𝑑𝑡 becomes identical to
−∞
that of Fourier, and is equivalent to calculating la 𝐻 (𝑠) along the imaginary axis. This equivalence it is
valid only if the filter is stabile, which is in the Laplace domain it is equivalent to requiring that all poles
of 𝐻 (𝑠) be on the left of imaginary axis.
6 For further information, you can consult http://ens.di.unimi.it/dispensa/cap3.pdf,
http://www.diegm.uniud.it/∼bernardi/Didattica/Sis/Lucidi/dispensa-analogici.pdf
and https://en.wikipedia.org/wiki/Network_synthesis_filters.
7 See eg https://en.wikipedia.org/wiki/Prototype_filter
4 For
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cut-off frequencies.
Design specifications, filter order and choice of polynomial The order of the
filter is identified as that for which the module of the frequency response |𝐻 (𝑓 ) | (or
rather, its square) associated with the chosen polynomial falls within the mask defined
by a tolerance scheme of the type8 shown
|H(f)|
in the figure alongside. The specification 1+δ1
is all the more stringent the more |𝐻 (𝑓 ) | 1-δ1
varies rapidly, which is possible only by
increasing the order 𝑁. But not all polypass
transition
stop
band
band
band
nomials behave in the same way, indeed,
as evident looking at fig. 1.1 from left to
δ2
right, some polynomials allow, for the
fs
fp
f
same order, much faster transitions than
others. On the other hand, for many applications it is also necessary to ensure good
phase linearity (p. ??) by the filter, but in general this second requirement is incompatible with a high selectivity (page 4) of the filter. In particular, Bessel filters9 are the only
ones to exhibit a linear phase, but their magnitude slowly decays with frequency; for
the other types in fig. 1.1 phase linearity worsens as selectivity increases, especially
near the cutoff frequency. So ultimately the choice of the polynomial is made on the
basis of the specification on the phase, and the order 𝑁 of the filter determined on the
basis of the attenuation mask.
Linear phase filter It may be interesting to ask whether sufficient conditions exist
to ensure that a filter exhibits linear phase response. The answer is positive, and the
condition is that the impulse response exhibits even symmetry with respect to half of
its duration 𝑇, i.e. ℎ (𝑡)| 0<𝑡<𝑇/2 = ℎ (𝑇 − 𝑡)| 0<𝑡<𝑇/2 , as exemplified in the figure.
In fact in this case considering a second filter with impulse
h(t)
response 𝑔 (𝑡) = ℎ (𝑡 + 𝑇/2) obtained by anticipating ℎ (𝑡) by half
t
duration, 𝑔 (𝑡) has even symmetry respect to 𝑡 = 0, and therefore
T
corresponds to a real 𝐺 (𝑓 ) (see page ??): now inverting the time
𝑇
translation operated on the impulse response, we obtain that 𝐻 (𝑓 ) = 𝐺 (𝑓 ) 𝑒−𝑗2𝜋𝑓 2 , i.e.
a linear phase 𝜑 (𝑓 ) = −𝜋𝑓𝑇. The condition described is easily achievable by means of
a transversal filter, see § 1.2.1.
8 The

description of the mask in the figure is expressed in terms of the specification of

• a pass-band 𝑓 < 𝑓 𝑝 which identifies the region of frequencies to be let through;
• the percentage value 𝛿1 within which 𝐻 (𝑓 ) can oscillate in the passband;
• a suppressed band 𝑓 > 𝑓𝑠 in which we would like the corresponding input frequency components
to be attenuated by at least 𝛿2 % compared to those of the pass band;
• a transition band 𝑓𝑠 − 𝑓 𝑝 in which the frequency response varies;
• whether or not the phase linearity property is required for the filter (see § ??).
9 See https://en.wikipedia.org/wiki/Bessel_filter
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Cut-off frequency, selectivity and quality factor These parameters describe a
filter in a rough but indicative way. The cutoff frequency 𝑓𝑇 is the one for which
2
|𝐻 (𝑓𝑡 ) | 2 = 12 |𝐻 (𝑓 ) |𝑀𝑎𝑥

(1.2)

and therefore identifies a sort of frontier between the passband and the suppressed
band. The selectivity of a low pass is measured by the ratio
𝑓𝑝
≤1
𝑘=
𝑓𝑠
(the reverse for a high pass) and it is greater the less extended is the transition region.
In the case of a bandpass centered in 𝑓0 the filter can also be characterized in terms of
his quality factor
𝑓0
𝑄=
𝐵
where 𝐵 = 𝑓𝑇2 −𝑓𝑇1 is the bandwidth between the two lower and upper cut-off frequencies;
𝑄 therefore represents how tight the filter is around its resonance, and its inverse 𝐵/𝑓0
is called the fractional band.
Filter implementation While the Bessel, Butterworth and Chebyshev-I filters only
have poles, the Chebyshev-II and Elliptical filters possess also zeros. But in both cases,
Î𝑁/2
once the coefficients are known, (1.1) is rewritten in factored form10 𝐻 (𝑠) = 𝑗=1
𝐻 𝑗 (𝑠)
with each term 𝐻 𝑗 (𝑠) having a pair of conjugated poles and corresponding to a second
order resonant circuit of circuit cell 11 , obtaining the maximum for |𝐻𝑖 ( 𝑗2𝜋𝑓 ) | 2 at the
resonant frequency 𝑓0𝑖 . By placing the different cells in cascade, an 𝐻 (𝑓 ) is obtained
which satisfies the requirements established by the tolerance scheme.
Although what has been discussed may seem directly applicable only to the case of
analog signals, at § 1.3 we will show how these results can also be used for the case of
numerical signals, since there are techniques (based on variable changes that map the
left half plane of the variable 𝑠 inside the unit circle of the 𝑧-plane) which allow to pass
from one 𝐻 (𝑠) to one 𝐻 (𝑧), and from there to a realization of the filter in numerical
form.

1.2

Digital filters

With this term we indicate a class of filters defined by a computational rather than a
circuit scheme, expressed only in terms of elementary processing units product, sum and
delay (§ ??) which (in combination between them) produce filtering effects on signal in
transit. They can represent a model of natural causes12 , or you can design a specific
10 A

polynomial 𝑃 (𝑠) =

is zeroed for the 𝑁 values 𝑠 = 𝛽 𝑗 , known as zeros of 𝑃 (𝑠). The

Î
same polynomial can therefore be written as 𝑃 (𝑠) = 𝑁
𝑗=1 𝑠 − 𝛽 𝑗 , or by grouping the zeros in pairs
(possibly conjugated) in order to obtain a development with second degree factors of the type 𝑃 (𝑠) =

Î𝑁/2 2
𝑗=1 𝑠 + 𝑐 𝑗 𝑠 + 𝑑 𝑗 to which, if 𝑁 is odd, a first degree factor must be added.
11 Traditionally of type rlc, or made with differential amplifiers.
12 For example, the acoustics of a room (of the home bathroom, or of a theater) is the result of the
contributions due to the various reflections of the sounds on walls and other elements, each more or
Í𝑁

𝑗=0 𝑏 𝑗 𝑠

𝑗
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Figure 1.2: Symbolic diagram of a transversal filter of order 𝑁 = 5

architecture to combine these elements to achieve the desired effect. For this class of
filters the convolution integral is reduced to a sum, and although the following analysis
is based on continous time signals, digital filters are of particular importance because
they allow filtering operations to be carried out by operating directly on the samples of
the signals (see § ??), and therefore they can be realized via software or hardware13 .

1.2.1

Transversal filter

It gets its name from the way its calculation scheme is represented, see Fig. 1.2 , where
the output 𝑦 (𝑡) (bottom right) is obtained by adding the input values 𝑥 (𝑡) (top left)
taken (thanks to the cascade of delays) at the instant 𝑡 = 𝑛𝑇 with 𝑛 = 0, 1, · · · 𝑁, each
multiplied by a different coefficient 𝑐𝑛 , that is
𝑦 (𝑡) =

𝑁
Õ

(1.3)

𝑐𝑛 𝑥 (𝑡 − 𝑛𝑇)

𝑛=0

Analysis If we put in 𝑥 (𝑡) = 𝛿 (𝑡), the output 𝑦 (𝑡) will reproduce the impulse response
of the filter, equal to
𝑁
Õ
ℎ (𝑡) =
𝑐𝑛 𝛿 (𝑡 − 𝑛𝑇)
(1.4)
𝑛=0

consisting of 𝑁 + 1 copies of the impulse positioned in 𝑡 = 𝑛𝑇 and with an area equal to
the respective coefficients 𝑐𝑛 or taps14 of the filter. To 𝑁 is given the meaning of order
of the filter, and since 𝑁 is a finite number, it allows to classify this architecture as a
fir (finite impulse response) filter15 . Applying the known relations of the transform, it
is easy to evaluate the frequency response corresponding to ℎ (𝑡) (1.4), that means
𝐻 (𝑓 ) = F {ℎ (𝑡)} =

𝑁
Õ

𝑐𝑛 e−𝑗2𝜋𝑓 𝑛𝑇

(1.5)

𝑛=0

As exemplified in the figure, 𝐻 (𝑓 ) is periodic
(in frequency) with period 𝐹 = 𝑇1 : in fact all
the exponentials 𝑒−𝑗2𝜋𝑓 𝑛𝑇 of the sum (1.5) show
the same periodicity.

|H(f)|
f
-1
T

1
T

less attenuated, and with a different propagation delay between the source and listener. A a similar
phenomenon also occurs in the radio waves of WiFi and mobile telephony, see § ??.
13 The theme of numerical realizations of digital filters is approached at § 1.3, and we cite as a source for
further information http://www.dspguide.com/ch14/6.htm).
14 ...as if the adders at the bottom in fig. 1.2 collect the water (or beer!) taken from the taps 𝑐 , and
𝑛
coming from retard tanks 𝑇.
15 See eg. https://en.wikipedia.org/wiki/Finite_impulse_response
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Synthesis At § ?? we have already encountered signals with periodic spectra: the
discrete time Fourier transform dtft (eq. (??)) 𝐻 • (𝑓 ) calculated starting from a sampled
signal ℎ• (𝑡) expressed in the form (1.4) appears exactly as (1.5), which we then rewrite
∞

as
Õ
𝑛
𝐻 (𝑓 ) = 𝐻 • (𝑓 ) =
𝐺 𝑓−
𝑇
𝑛=−∞

1 1
, 2𝑇
i.e. as the periodized frequency response of the filter 𝐺 (𝑓 ) limited in the band − 2𝑇
that we intend to get. At this point the coefficients 𝑐𝑛 that define ℎ (𝑡) are none other
than those (in time) of the Fourier series expansion of 𝐻 • (𝑓 ) (periodic in frequency
with period 1/𝑇 ), that is (eq. (??))
∫ 1/2𝑇
𝑐𝑛 = 𝑇 −1/2𝑇 𝐺 (𝑓 ) e 𝑗2𝜋𝑓 𝑛𝑇 𝑑𝑓
(1.6)
Approximation But now two problems arise. The first is that eq. (1.6) is valid with
𝑛 = −∞, · · · , ∞, while we would only like 𝑁 + 1 coefficients 𝑐𝑛 . There is a remedy for
this as long as you accept an approximation, windowing16 the 𝑐𝑛 sequence and thus
keeping only the coefficients for 𝑛 = −𝑁/2, · · · , 𝑁/2: obviously the smaller it is 𝑁, the
worse the approximation 𝐻ˆ (𝑓 ) of 𝐻 (𝑓 ) will be.
The second problem is that in (1.5) and in Fig. 1.2 the coefficients have indices ≥ 0,
and not negative, as it must be to obtain a physically feasible system (page ??). This
is solved by shifting 𝑐𝑛 to the right of 𝑁/2 positions, assigning 𝑐𝑛0 = 𝑐𝑛+𝑁/2 so we have
𝑛0 ∈ [0, · · · , 𝑁]: this corresponds to the introduction
of a delay in the output equal to

𝑁
𝑁
2 𝑇, thus obtaining a signal 𝑦˜ (𝑡) = 𝑦 𝑡 − 2 𝑇 .
Linear phase An advantage of the approximation just described is the possibility of
easily obtaining a filter with a linear phase, i.e. for which arg {𝐻 (𝑓 )} = 𝑒−𝑗2𝜋𝑓 𝜏 , and
therefore the filter does not undergo any phase distortion (§ ??). In fact, by choosing
𝐻 (𝑓 ) real even we get real even values also for 𝑐𝑛 (see page 3), and the shift to produce the
𝑁
𝑐𝑛0 is the only contribution to the resulting 𝐻˜ (𝑓 ) = 𝐻ˆ (𝑓 ) 𝑒−𝑗2𝜋𝑓 2 𝑇 phase. In definitive,
operating in this way determines values of the 𝑐𝑛 which are symmetrical respect to 𝑁/2.

1.2.2

Numerical realization of the transversal filter

The diagram of Fig. 1.2 is completely analogical, in the sense that both 𝑥 (𝑡) and 𝑦 (𝑡)
are defined for each 𝑡. On the other hand, the presence of 𝑁 delays 𝑇 all equal allows
to derive a calculation scheme operating on signals sampled with frequency 𝑓𝑐 = 𝑇1𝑐 . For
this purpose it is sufficient to choose 𝑇 = 𝑇𝑐 = 𝑓1𝑐 and calculate 𝑦 (𝑡) at instants 𝑡 = 𝑛𝑇
only, and to load the filter memory with the 𝑥 (𝑛𝑇) samples: in fact, in § ?? it is shown
that if two signals 𝑥 (𝑡) and ℎ (𝑡) are band-limited in ±𝑊 and if 𝑇𝑐 < 1/2𝑊 , the discrete
the results of § ??, following the windowing the actual frequency response will be 𝐻ˆ (𝑓 ) =
𝐻 (𝑓 ) ∗ 𝑊 (𝑓 ). For this, some windows which are better than rectangular have been identified, see
e.g. http://www.labbookpages.co.uk/audio/firWindowing.html. It is clear that by adopting a
rectangular window instead, the result is equivalent to calculating (1.6) only for the necessary indices 𝑛;
the effect of this truncation will be the appearance of oscillations in the vicinity of the transition region of
𝐻 (𝑓 ), completely analogous to those highlighted in § ??.
16 Recalling
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convolution
𝑦𝑘 = 𝑇𝑐

(1.7)

Í∞

𝑛=−∞ ℎ𝑛 𝑥 𝑘−𝑛

between the relative samples 𝑥𝑛 and ℎ𝑛 produces a third sequence 𝑦𝑘 from which,
by applying the sampling theorem, we obtain the same result as for the analogical
convolution 𝑦 (𝑡) = 𝑥 (𝑡) ∗ ℎ (𝑡).
If we now limit the index 𝑛 between zero and 𝑁 (the duration of ℎ𝑛 ), (1.7) is
Í𝑁
equivalent to (1.3) calculated for 𝑡 = 𝑘𝑇𝑐 or 𝑦 (𝑘𝑇𝑐 ) = 𝑛=0
𝑐𝑛 𝑥 ((𝑘 − 𝑛) 𝑇𝑐 ), after
placing
𝑐𝑛 = 𝑇𝑐 ℎ𝑛
Although the temporal limitation condition should exclude the bandwidth limitation,
the values ℎ𝑛 can be associated as a first approximation to the samples (taken for
𝑡 = 𝑛𝑇𝑐 ) of the impulse response ℎ (𝑡) = F −1 {𝐻 (𝑓 )} corresponding to the desired
𝐻 (𝑓 ) 17 . Obviously, the samples (of 𝑥 (𝑡), 𝑦 (𝑡) and ℎ (𝑡)) must be taken at intervals
𝑇 = 𝑇𝑐 ≤ 1/2𝑊 , where now 𝑊 is maximum maximum frequency between 𝑥 (𝑡) and ℎ (𝑡).
Example It is desired to make a transverPx(f)
H(f)
N0
sal filter that approximates an 𝐻 (𝑓 ) =
y(t)
x(t)
2
f
f
𝑡𝑟𝑖2𝐵 (𝑓 ), in order to filter a white pro-2B
2B
-B
B
cess 𝑥 (𝑡) at the input and with a power
𝑁0
density 𝑃𝑥 (𝑓 ) = 2 𝑟𝑒𝑐𝑡4𝐵 (𝑓 ). To implement the numerical filter operating on the sampled
data, it is necessary to adopt a sampling frequency 𝑓𝑐 ≥ 2𝑊 = 4𝐵, and therefore a delay
between the stages of fir equal to 𝑇𝑐 ≤
|H (f)|
1/4𝐵, so that the corresponding 𝐻 • (𝑓 )
has the periodicity 𝑓𝑐 = 4𝐵 shown in the
-4B
-2B -B
B 2B
4B
f
figure.
−1
2
Based on the above considerations, after getting ℎ (𝑡) = F {𝐻
 (𝑓 )} = 𝐵𝑠𝑖𝑛𝑐 (𝑡𝐵),
𝑛/4𝐵 or ℎ𝑛 = 𝐵𝑠𝑖𝑛𝑐2 𝑛 , from which we get
we compute the samples
for
𝑡
=
𝑛𝑇
=
𝑐
4

𝑐𝑛 = 𝑇𝑐 ℎ𝑛 = 14 𝑠𝑖𝑛𝑐2 𝑛4 . At this point all that remains is to truncate the series to a few
terms centered in zero (e.g. with 𝑛 = −3, −2, −1, 0, 1, 2, 3 all samples of ℎ (𝑡) are taken
from the main lobe of the 𝑠𝑖𝑛𝑐2 ) accepting the consequent approximation, and then shift
the samples to the right in order to obtain a causal filter with seven taps, in the
cn'
example 𝑐𝑛0 with 𝑛0 = 0, 1, · · · , 6, with
symmetrical coefficients with respect to
o
1
2
3
4
5
6 n
𝑛 = 3, and therefore the filter is linear
|H(f)|
phase. On the side are shown the coeffiˆ
cients obtained, together with the 𝐻 (𝑓 )
-fc
-fc/2 -B
B fc/2
fc
f
resulting from their windowing.

Moving average filter When the coefficients 𝑐𝑛 are all equal to each other and with
1
a value equal to 𝑁+1
the operations performed by the filter are called a moving average
(or ma) since in fact the filter calculates an arithmetic mean of the last input values,
1 Í𝑁
or 𝑦𝑘 = 𝑁+1
𝑛=0 𝑥 𝑘−𝑛 . It is the method commonly used to smooth discrete time series,
such as temperatures (daily or hourly) or stock market share prices. Corresponds to
a continuous-time filter whose ℎ (𝑡) is a 𝑟𝑒𝑐𝑡 (𝑁+1)𝑇𝑐 (𝑡), has a low-pass effect, and the
17 In practice, this

ℎ (𝑡) is the one that gives rise to the ℎ• (𝑡) = ℎ (𝑡) ·
see also note ?? on page ??.

Í𝑁
𝑛=0

𝛿 (𝑡 − 𝑛𝑇) expressed by (1.4),
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relative 𝐻 (𝑓 ) is obtained on page 14.
High-pass and band-pass filter The transveral filter
can be configured as a high pass considering a band𝑓
1
limited input signal with band 𝑊 = 2𝑐 = 2𝑇
and setting
•
𝐻 (𝑓 ) in order to take into account its frequency periodicity equal to 𝑓𝑐 , as shown in the figure. It can also be
a band-pass filter for the same type of signal18 , with the
𝑓
constraint of passing the frequencies centered on 4𝑐 .

high pass

|H (f)|

-fc -fc/2
band pass

fc/2

fc

f

fc

f

|H (f)|

-fc -fc/2

fc/2

Let us now deal with a couple of particularly simple architectures: the first is
always a fir but with 𝑁 = 1, while the second introduces the class of infinite impulse
response or iir filters. Although for both it is clearly possible to carry out a numerical
implementation if the delay 𝑇 = 1/𝑓𝑐 is short enough to allow the sampling of the input
signal, here we analyze only the time-continuous aspects.

1.2.3

First order transversal filter

With 𝑁 = 1 the filter of Fig. 1.2 can be redrawn as shown on
the side, having set 𝑐0 = 1 and 𝑐1 = 𝛼. It corresponds to an
impulse response
ℎ (𝑡) = 𝛿 (𝑡) + 𝛼𝛿 (𝑡 − 𝑇)

x(t)

y(t)

(1.8)

the course of which is shown alongside for the cases 𝛼 ≷ 0, and
to which19 corresponds a frequency response equal to 𝐻 (𝑓 ) =
1+𝛼𝑒−𝑗2𝜋𝑓𝑇 . From this expression it is easy to obtain20 the power
gain |𝐻 (𝑓 )| 2 , which results

α

T
h(t)

h(t)
t

α>0

t
α<0

2
|𝐻 (𝑓 )| 2 = (< {𝐻 (𝑓 )}) 2 + (= {𝐻 (𝑓 )}) 2 = (1 + 𝛼 cos 2𝜋𝑓𝑇)
+ (𝛼 sin 2𝜋𝑓𝑇) 2 =

2
2
2
= 1 + 2𝛼 cos 2𝜋𝑓𝑇 + 𝛼 cos 2𝜋𝑓𝑇 + sin 2𝜋𝑓𝑇 =
= 1 + 𝛼 2 + 2𝛼 cos 2𝜋𝑓𝑇

The following figure shows the shape of |𝐻 (𝑓 )| 2 for two values of 𝛼 = ±0.5, of which
on page ?? you will find the representation in dB, as well as the phase response; this
18 At

first sight, the numerical realization of the bandpass would not seem possible, since to obtain a
(𝑓 ) with a frequency period of 𝑓𝑐/2 as in the figure the delay 𝑇 between the taps should be 𝑇 = 2/𝑓𝑐 ,
i.e. double the maximum sampling period 𝑇𝑐 = 1/𝑓𝑐 necessary for a input with maximum frequency 𝑓𝑐/2.
But in reality it is very simple: just let the fir filter to adopt a delay 𝑇 = 𝑇𝑐 = 1/𝑓𝑐 in order to satisfy the
requirement for the input signal, but group the delays two by two, that is, insert a tap every two delays.
19 In this case 𝐻 (𝑓 ) has conjugate symmetry (𝐻 (𝑓 ) = 𝐻 ∗ (−𝑓 )), but it is complex. Therefore the
coefficients 𝑐𝑘 obtainable from (1.6) are real, but not necessarily even. Carrying out the calculations:

∫ 1/2𝑇 
∫ 1/2𝑇
∫ 1/2𝑇
𝑐𝑘 = 𝑇 −1/2𝑇 1 + 𝛼𝑒−𝑗2𝜋𝑓𝑇 𝑒 𝑗2𝜋𝑓 𝑘𝑇 𝑑𝑓 = 𝑇 −1/2𝑇 𝑒 𝑗2𝜋𝑓 𝑘𝑇 𝑑𝑓 + 𝛼𝑇 −1/2𝑇 𝑒 𝑗2𝜋𝑓 (𝑘−1)𝑇 𝑑𝑓
𝐻•

The first integral is zero for 𝑘 ≠ 0, while the second for 𝑘 ≠ 1, since the integral functions have zero mean
on the interval 1/𝑇; therefore 𝑐0 = 1 and 𝑐1 = 𝛼, exactly how (1.8) is defined.
20 For any value of 𝑓 , 𝐻 (𝑓 ) is equal to a complex value 𝑧 with 𝐻 (𝑓 ) = 𝑧 = 𝑎 + 𝑗𝑏, and therefore its square
2
is equal to 𝑧 = 𝑎2 + 𝑏2 , where 𝑎 and 𝑏 are the real and imaginary parts of 𝐻 (𝑓 ), equal to 1 + 𝛼 cos 2𝜋𝑓𝑇
and −𝛼 sin 2𝜋𝑓𝑇 respectively.
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scheme will also be mentioned in § ?? as a model of
the presence of an echo between source and receiver.
Before delving into two applications of the filter,
1
we note that in the range |𝑓 | < 2𝑇
the |𝐻 (𝑓 )| 2 can
behave either as a low-pass or an high-pass, in function
of the sign of 𝛼.

2.25

|H(f)| 2
α = - 0.5

1.25

α = 0.5
0.25
-1/T

-1/2T

f

1/2T

Differentiator Placing 𝛼 = −1 in (1.8) we obtain a numerical differentiator, since in
this case the output sequence 𝑦𝑛 = 𝑥𝑛 − 𝑥𝑛−1 represents the finite difference of the input.
In the time-continuous case, if in addition to setting 𝛼 = −1, the value of 𝑇 becomes
small enough to consider 𝑇 → 0, ℎ (𝑡) begins to approximate a doublet (§ ??), and
therefore (apart from a scaling factor) the output is precisely the derivative of the input.
Comb filter Again in case 𝛼 = −1 and with a
|H(f)| 2
continuous-time input signal with bandwidth 𝑊  1/𝑇
the filter is able to remove a periodic component of period 𝑇, since in this case |𝐻 (𝑓 )| 2 = 0 with 𝑓 = 𝑛/𝑇 , i.e.
1/T 2/T 3/T 4/T 5/T
in correspondence of the harmonics. Such a filter is called a comb filter 21 .

f
6/T 7/T

Example A voice signal is acquired on a helicopter and has a strong periodic additive disturbance linked to the noise of the engine and blades, which we want to eliminate by
adopting a comb filter, implemented as a fir of the first order.

1. Considering a cruising speed of 300 rpm, determine the expression of the impulse
response of the filter;
2. wanting to implement the filter numerically, considering a sampling frequency
of 16 KHz and samples quantized with 16-bits, evaluate the memory in Kbytes
necessary to make the filter.
Answer 300 rpm equals 300/60 = 5 rounds per second, i.e. a fundamental of 5 Hz, and a filter
delay of 𝑇 = 1/5 = 200 msec. 1) - To obtain |𝐻 (𝑓 )| 2 = 1 + 𝛼 2 + 2𝛼 cos 2𝜋𝑓𝑇 = 0 for 𝑓 = 𝑛/𝑇
it is necessary to set 𝛼 = −1, therefore it must be ℎ (𝑡) = 𝛿 (𝑡) − 𝛿 (𝑡 − 0.2). 2) - The
numerical implementation of the filter consists in subtracting to each input sample the
one received 200 msec before, and therefore it is necessary to adopt a circular buffer 22
𝑠𝑎𝑚𝑝𝑙𝑒𝑠
with enough memory to accommodate 𝑓𝑐 [ 𝑠𝑒𝑐 ] · 𝑇 [𝑠𝑒𝑐] = 16 · 103 · 0.2 = 3200 samples.
Finally, two bytes are needed to store the 16 bits of each sample, and therefore 6400
bytes in total are needed.

1.2.4

First order infinite impulse response (IIR) filter

The most important feature that differentiates this calculation scheme from the previous
one is the presence of a feedback, so that the output value depends not only on the
input but also on the previous output. For this reason the corresponding impulse
response (graphically represented on the next figure for the 𝛼 ≶ 0 cases) has a infinite
21 See

eg https://en.wikipedia.org/wiki/Comb_filter
this expression we mean a linear array of dimension 𝑁 and a pointer which increases modulo
𝑁 and which indexes its last position. After using the last sample, it is overwritten by the new one, and
the pointer incremented.
22 With
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duration23 , and is equal to
Í
𝑛
ℎ (𝑡) = ∞
𝑛=0 𝛼 𝛿 (𝑡 − 𝑛𝑇)

x(t)

y(t)

(1.9)

By applying the usual transform rules we obtain the expresÍ
𝑛 −𝑗2𝜋𝑓 𝑛𝑇
sion of the frequency response as 𝐻 (𝑓 ) = ∞
𝑛=0 𝛼 𝑒
which fortunately converges into a more compact expression, thanks to the known result for the geometric series24
Í∞ 𝑛
1
𝑛=0 𝛽 = 1−𝛽 with |𝛽| < 1, which allows you to write

α

T
h(t)

h(t)

α>0

α<0

t

t

1
(1.10)
1 − 𝛼𝑒−𝑗2𝜋𝑓𝑇
In the case in which |𝛼| > 1 the filter becomes unstable, since any infinitesimal disturbance at the input produces an output that gradually amplifies exponentially. As for
the power gain |𝐻 (𝑓 )| 2 , steps similar to those of the note 20 lead to obtain
1
1
|𝐻 (𝑓 )| 2 =
=
2
2
2
1 + 𝛼 − 2𝛼 cos 2𝜋𝑓𝑇
(1 − 𝛼 cos 2𝜋𝑓𝑇) + (𝛼 sin 2𝜋𝑓𝑇)
𝐻 (𝑓 ) =

Í∞

−𝑗2𝜋𝑓𝑇 𝑛
)
𝑛=0 (𝛼𝑒

=

Applications The aspect of the power gain in decibels 10 log10 |𝐻 (𝑓 )| 2 is shown in
Fig. 1.3, calculated for 𝑇 = 1 and various values of 𝛼, positive and negative. We observe
that only with 0 < 𝛼 < 1 it is possible to obtain a low pass, and only with −1 < 𝛼 < 0
a high pass. We also note that more |𝛼| aproaches one, the more the gap between
the passband and the attenuated band gain increases (about 20 dB for |𝛼| = .8), thus
managing to create a narrow band filter, also called resonator. Finally, we observe that
the 𝛼 = 1 case corresponds to having a perfect integrator which, for example, produces
a ramp at the output, if there is a step at input.
Exponential moving average A variant of the first order iir is obtained by writing
the input-output relationship (see the following figure) as
(1.11)

𝑦 (𝑡) = 𝛼 𝑦 (𝑡 − 𝑇) + (1 − 𝛼) 𝑥 (𝑡)
23 In

this case we speak of a recursive filter, or an infinite impulse response (iir) filter.
for example https://en.wikipedia.org/wiki/Geometric_series

24 See
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Figure 1.3: Power gain in dB of a first order iir filter with delay 𝑇 = 1:
a) 0 < 𝛼 < 1, b) −1 < 𝛼 < 0
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11

y(t)
which corresponds to an impulse response of the form x(t)
Í
𝑛 𝛿 (𝑡 − 𝑛𝑇), which has the advantage
ℎ (𝑡) = (1 − 𝛼) ∞
𝛼
𝑛=0
α
1-α
over (1.9) of having unity gain at zero frequency25 , that
T
is, in the presence of a constant at the input (apart from
a transient), the same constant will be found at the output. By setting 0 < 𝛼 < 1 the
filter behaves like a low pass, and this allows you to use (1.11) to perform a moving
average operation called exponential mean26 and obtain purified 𝑦 values from the more
or less random variations superimposed on the quantity 𝑥. A typical context of use is
in the field of financial markets, in which we operate on a discrete-time sequence 𝑥𝑛
by rewriting27 the (1.11) as 𝑦𝑛 = 𝛼 𝑦𝑛−1 + (1 − 𝛼) 𝑥𝑛 . The resulting sequence 𝑦𝑛 is then
indicated as ema-𝑁 28 , with 𝑁 representing the mean number of previous values on
which the average is operated.

In reality, as we know, the iir op75
Crude
erates on an infinite memory, but the
SMA
70
EMA
value of 𝑁 serves to relate ema-𝑁
29
with sma of length 𝑁: in fact, by 65
choosing an 𝛼 = 𝑁−1
𝑁+1 value, the same 60
mean age of the input values used is
obtained. The fig. on the side shows 55
the comparison between an sma and 50
an ema with the same 𝑁. Since ema
45
attributes greater weight to the most
18-08-31
18-11-30
19-03-05
recent input values, it is often pre- 2018-03-06 18-06-05
ferred to the sma as it proves to be more reactive to sudden changes in trend. Finally,
1
we note that if we choose to set 𝛼 = 𝑁−1
𝑁 = 1 − 𝑁 then ema-𝑁 can be calculated as
(𝑁−1) 𝑦𝑛−1 +𝑥𝑛
1
𝑦𝑛 = 𝛼 𝑦𝑛−1 + (1 − 𝛼) 𝑥𝑛 = 𝑁−1
.
𝑁 𝑦𝑛−1 + 𝑁 𝑥 𝑛 =
𝑁

1.3

Numeric filters

Let’s now deal30 with the issue of how to pass from the concepts exposed in § 1.2 to the
calculation schemes to be adopted in the case of an completely numerical implementation, such as for the processing of sampled signals. As described in § 1.2.2, the samples
𝑦𝑘 of the result of a convolution 𝑦 (𝑡) = 𝑥 (𝑡) ∗ ℎ (𝑡) between band-limited signals 𝑥 (𝑡)
1
fact the (1.10) evaluated at 𝑓 = 0 would provide the value 𝐻 (𝑓 = 0) = 1−𝛼
the inputs of 𝑛 previous instants have weight 𝛼 𝑛 which decreases exponentially with age, see
eg https://en.wikipedia.org/wiki/Exponential_smoothing
27 In reality almost everywhere (1.11) is rewritten as 𝑦 = 𝛽𝑥 + (1 − 𝛽) 𝑦
𝑛
𝑛
𝑛−1 , where 𝛽 = 1 − 𝛼.
28 From Exponential Moving Average
29 By sma-𝑁 (simple moving average) we mean a moving average performed by a fir filter of length 𝑁 e
coefficients all equal to 1/𝑁 .
30 Without claiming rigor and completeness, since these topics are also dealt in several other courses.
25 In

26 Since
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and ℎ (𝑡) are obtained by means of the discrete convolution (1.7)
∞
Õ
𝑦𝑘 = 𝑇
ℎ𝑛 𝑥𝑘−𝑛
𝑛=−∞

equivalent to sampling the output
𝑦 (𝑡) of a transversal filter with
coefficients 𝑐𝑛 = 𝑇 · ℎ𝑛 proportional to the samples ℎ𝑛 of the impulse response ℎ (𝑡) of the original analog filter. Instead of sampling the transversal filter output,
the filtering operation is implemented via hw or sf and directly
performs the discrete convolution
Í𝑁
𝑦𝑘 = 𝑛=0
ℎ𝑛 𝑥𝑘−𝑛 , as given by the
Octave code shown above. We note explicitly that in the numerical filtering the factor
𝑇 = 1/𝑓𝑐 may be omitted, if it is inserted autonomously by the reconstruction filter
(eq. (??)) when passing from numeric to analog within a dac.
x = randn (1,1000);
# input signal
Nx = 1000;
# number of input samples
h = [1 0.5 0.25 0.125 0.0625]; # filter coeff.
Nc = 5;
# number of coefficients
Ny = Nx+Nc-1;
# samples to output
y = zeros(1,Ny);
# output vector
for k = 1:Ny
# all the output samples
for n = 1:Nc
# make a convolution
if ( (k-n+1)<=Nx && n<=k ) # control
y(k) = y(k) + h(n)*x(k-n+1);
endif
end
end

1.3.1

FIR synthesis starting from the continuous time description

We first acquire two methods to derive a finite set of coefficients ℎ𝑛 for the numerical
filter, starting from the analog description of the desired behavior in terms of ℎ (𝑡) or
𝐻 (𝑓 ).
Windowing of the impulse response In this approach the values of ℎ𝑛 are obtained
by sampling a windowed version ℎ𝑤 (𝑡) = ℎ (𝑡) · 𝑤 (𝑡) of the desired ℎ (𝑡), and then
delaying the samples in order to obtain a causal filter, as discussed in the example of
page 7. As known from § ??, the windowing operation produces a frequency response
for the synthesized filter equal to 𝐻𝑤 (𝑓 ) = 𝐻 (𝑓 ) ∗ 𝑊 (𝑓 ), and therefore it is necessary
to pay particular attention the choice of window function 𝑤 (𝑡).
Uniform oscillation in frequency It is an iterative technique31 aimed at minimizing
the maximum approximation error between the desired values for |𝐻 (𝑓 )|, expressed in
the form of a tolerance scheme (see page 3), and the values obtainable by expressing
|𝐻 (𝑓 )| as a combination of Chebyshev polynomials32 . The result is 𝐻ˆ (𝑓 ) which presents
reduced oscillations but at all frequencies33 , while the ℎ𝑛 coefficients are obtained by
means of an inverse dft (§ ??) of the sequence 𝐻𝑛 obtained by sampling 𝐻ˆ (𝑓 ).

31 See

https://en.wikipedia.org/wiki/Parks-McClellan_filter_design_algorithm
http://www.ee.ic.ac.uk/hp/staff/dmb/courses/DSPDF/00700_OptimalFIR.pdf
33 For this reason the resulting filter is called equiripple.
32 See
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1.3.2

Zeta transform and filtering

We have already discussed at § ?? how a sequence of samples 𝑥𝑛 = 𝑥 (𝑡)| 𝑡=𝑛𝑇 of a signal
1
limited in band 𝑊 = 2𝑇
can be described by his zeta transform
Í
−𝑛
𝑋 (𝑧) = Z {𝑥𝑛 } = ∞
𝑛=−∞ 𝑥 𝑛 z
and how obtain the spectral representation of {𝑥𝑛 } by computing 𝑋 (𝑧) with 𝑧 = e 𝑗𝜔
Í
−𝑗𝜔𝑛
𝑋 (e 𝑗𝜔 ) = 𝑋 (𝑧)| 𝑧=𝑒 𝑗𝜔 = ∞
𝑛=−∞ 𝑥 𝑛 e
which corresponds to the periodization of 𝑋 (𝑓 ) = F {𝑥 (𝑡)}, in which the frequency
𝜔
range −𝑓𝑐/2 < 𝑓 < 𝑓𝑐/2 maps to −𝜋 < 𝜔 < 𝜋, that is 𝑓 = 2𝜋𝑇
.
In the same way it is possible to define the zeta transforms of the output sequence
from a filter 𝑌 (𝑧) = Z { 𝑦𝑛 } and of the samples of the impulse response 𝐻 (𝑧) = Z {ℎ𝑛 }
of the filter itself, and since even now the correspondence between convolution in time
and product of transforms holds34 , it can be written
𝑌 (𝑧) = 𝐻 (𝑧) 𝑋 (𝑧)

(1.12)

where 𝐻 (𝑧) is the analogue of the continuous-time 𝐻 (𝑠) (eq. (1.1)) and for this reason
it is called a discrete-time transfer function. Substituting 𝑧 = e 𝑗𝜔 we obtain the discretetime frequency response (??)
Í
−𝑗𝜔𝑛
𝐻 (e 𝑗𝜔 ) = ∞
𝑛=−∞ ℎ𝑛 e
periodic in 𝜔 with period 2𝜋, relative to the impulse response sequence ℎ𝑛 , and which
corresponds to a dtft (§ ?? )
Í
−𝑗2𝜋𝑓 𝑛𝑇
𝐻 • (𝑓 ) = ∞
𝑛=−∞ ℎ𝑛 e
of the same sequence ℎ𝑛 if we set 𝜔 = 2𝜋𝑓𝑇, see also fig. ?? on page ??.
1.3.2.1 Filters with finite impulse response
We approach the description of a fir filter by means of the zeta transform by first
referring to the case of the first order filter (§ 1.2.3) described by a ℎ (𝑡) = 𝛿 (𝑡) +
1 𝑛=0
instead
𝛼𝛿 (𝑡 − 𝑇), and we consider at its input a impulse sequence 𝛿 𝑛 =
0 𝑛≠0
of the dirac pulse 𝛿 (𝑡). The filter is now characterized in terms of an impulse response
sequence ℎ𝑛 = 𝛿 𝑛 + 𝛼𝛿 𝑛−1 whose zeta transform results35
𝐻 (𝑧) = 1 + 𝛼𝑧 −1

(1.13)

The computational scheme on page 8 is then flanked by the X(z)
Y(z)
algorithmic one shown on the side, in which the block 𝑧 −1
z-1
α
represents the delay of a sample, while the product for 𝛼 is now
represented as a label placed on the arc crossed by the sequence in transit, so that we
can write
34 See

eg https://en.wikipedia.org/wiki/Z-transform
Í
−𝑛 = Í∞
−𝑛 = 1 + 𝛼𝑧 −1 ,
is sufficient to apply the definition 𝐻 (𝑧) = ∞
𝑛=−∞ ℎ𝑛 z
𝑛=−∞ (𝛿 𝑛 + 𝛼𝛿 𝑛−1 ) z
since Z {𝛿 𝑛 } = 1 and a delay of 𝑚 indices has a zeta-transform
Í
−𝑛 = Í∞
−𝑘−𝑚 = 𝑧 −𝑚 Í∞
−𝑘 = 𝑧 −𝑚 𝑋 (𝑧)
Z {𝑥𝑛−𝑚 } = ∞
𝑛=−∞ 𝑥 𝑛−𝑚 z
𝑘=−∞ 𝑥 𝑘 z
𝑘=−∞ 𝑥 𝑘 z
35 It

(𝑛 − 𝑚 = 𝑘 was set). In particular, a unit delay corresponds to the product by 𝑧 −1 of the transformed
sequence, and therefore Z {𝛿 𝑛−1 } = 𝑧 −1 .

14

Chapter 1. Analog and numeric filters

𝑌 (𝑧) = 𝑋 (𝑧) + 𝛼𝑧 −1 𝑋 (𝑧) = 1 + 𝛼𝑧 −1 𝑋 (𝑧) = 𝐻 (𝑧) 𝑋 (𝑧)

ie (1.13) applied to (1.12). Extending now the treatment to a generic fir filter of order
Í𝑁
𝑁 described by an ℎ𝑛 = 𝑘=0
𝑎𝑘 𝛿 𝑛−𝑘 we obtain

Î𝑁
Í𝑁
Í𝑁 𝑎𝑘 −𝑘
𝑧 = 𝑎0 𝑛=1
1 − 𝑐𝑛 𝑧 −1
𝐻𝐹𝐼 𝑅 (𝑧) = 𝑘=0
𝑎𝑘 𝑧 −𝑘 = 𝑎0 𝑘=0
(1.14)
𝑎0
where the 𝑁 values 𝑐𝑛 represent the zeros36 (real, or in complex conjugate pairs) of
𝐻 (𝑧).
Exercise: moving average It is the numerical filter defined on page 7 as a discrete 𝑟𝑒𝑐𝑡,
i.e. with ℎ𝑛 = 1 for 𝑛 = 0, 1, · · · , 𝑁 − 1 and zero elsewhere. Taking into account that
Í𝑁−1 −𝑛
Í𝑁−1 𝑛
−𝑁
1−𝑎 𝑁 37
= 1−𝑧
which calculated for
𝑛=0 𝑎 = 1−𝑎 ( ), we get 𝐻 𝑀 𝐴 (𝑧) =
𝑛=0 𝑧
1−𝑧−1
𝑧 = e 𝑗𝜔 gives

𝐻𝑀 𝐴 (𝜔) =

1−e−𝑗𝜔𝑁
1−e−𝑗𝜔

e−𝑗 /2
e−𝑗𝜔/2
𝜔𝑁

=

e 𝑗 /2 −e−𝑗 /2
e 𝑗𝜔/2 −e−𝑗𝜔/2
𝜔𝑁

·

𝜔𝑁

= e−𝑗𝜔(𝑁−1)/2 ·

sin( 𝜔𝑁/2)
sin( 𝜔/2)

of which the first factor is a linear phase term, and the modulus is derived from the
sin( 𝜔𝑁/2)

second factor |𝐻 𝑀 𝐴 (𝜔)| = sin( 𝜔/2) represented in the figure for 𝑁 = 7, and which
proves to be periodic, with six zeros equally distributed in the interval 0 < 𝜔 < 2𝜋.
In fact, from the expression
−𝑁
sin( 𝜔7/2)
position of zeros
of 𝐻 (𝑧) = 1−𝑧
seven
sin( 𝜔/2)
1−𝑧 −1
zeros are obtained on the
6
unit circle in position
𝑐𝑛 = e 𝑗2𝜋 𝑛/(𝑁−1) of which the 4
2
first in 𝑧 = 1 cancels with
the single pole in the same 0
-5
-2.5
0
2.5
5
position.

1.3.2.2 Infinite impulse response
Also for this case we begin from the first order filter (§ 1.2.4) and note that by sampling
the output we get the sequence 𝑦𝑛 = 𝑥𝑛 +𝛼 𝑦𝑛−1 from which,
 transforming both members,
−1
−1
we obtain 𝑌 (𝑧) = 𝑋 (𝑧) + 𝛼𝑧 𝑌 (𝑧) or 𝑌 (𝑧) 1 − 𝛼𝑧
= 𝑋 (𝑧) and therefore
𝐻 (𝑧) =

𝑌 (𝑧)
1
=
𝑋 (𝑧) 1 − 𝛼𝑧 −1

with a pole38 in 𝑧 = 𝛼. A more generic iir filter of order 𝑁 corresponds to

Í𝑀
Í𝑀
Î𝑀
−𝑘
𝑧 𝑁 𝑘=0
𝑎𝑘 𝑧 𝑀−𝑘
𝑎0 𝑛=1
1 − 𝑐𝑛 𝑧 −1
𝑘=0 𝑎𝑘 𝑧

 = Î𝑁
𝐻𝐼 𝐼 𝑅 (𝑧) =
=
Í𝑁
−1
1 − 𝑘=1
𝑏𝑘 𝑧 −𝑘 𝑧 𝑀 𝑧 𝑁 − Í𝑁 𝑏𝑘 𝑧 𝑁−𝑘
𝑛=1 (1 − 𝑑 𝑛 𝑧 )

(1.15)

𝑘=1

36 Zeros

of a polynomial 𝑃 (𝑧) =

of degree 𝑁 are the roots 𝑧 = 𝑐𝑛 (𝑛 = 1, 2, · · · , 𝑁) of the
Í𝑁
Í𝑁
𝑎 𝑧 𝑁−𝑘
equation 𝑃 (𝑧) = 0. Eq. (1.14) can be rewritten as 𝐻 (𝑧) = 𝑧 −𝑁 𝑘=0
𝑎𝑘 𝑧 𝑁−𝑘 = 𝑘=0 𝑧 𝑁𝑘
and therefore it
Í𝑁
𝑁−𝑘
is zeroed for 𝑁 (𝑧) = 𝑘=0 𝑎𝑘 𝑧
= 0, which is a polynomial with positive powers. Once we have found

Î𝑁
Î𝑁
(𝑧 − 𝑐𝑛 ) or equivalently 𝐻 (𝑧) = 𝑁𝑧(𝑧)
its roots 𝑐𝑛 we can write 𝑁 (𝑧) = 𝑎0 𝑛=1
= 𝑎0 𝑛=1
1 − 𝑐𝑛 𝑧 −1 .
𝑁
37 See for example https://en.wikipedia.org/wiki/Geometric_series
38 i.e. a root of the denominator 𝐷 (𝑧) of 𝐻 (𝑧), which written as 𝐻 (𝑧) = 𝑧 is 𝐷 (𝑧) = 𝑧 − 𝛼, and it
𝑧−𝛼
zeroes in 𝑧 = 𝛼.
Í𝑁

𝑘=0 𝛽 𝑘 𝑧

𝑘
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Figure 1.4: Architecture of iir filters: a) direct form; b) canonical form

where (𝑎𝑘 , 𝑏𝑘 ) are the numerator and denominator coefficients39 , and (𝑐𝑛 , 𝑑 𝑛 ) the respective roots. While the numerator of (1.15) expresses the fir component, the presence of
the denominator that gives the 𝐻 (𝑧) poles other than 𝑧 = 0 determines the component
with infinite response. In fact, writing (1.15) as the ratio between polynomials 𝐻 (𝑧) =
𝐴(𝑧)
𝐵(𝑧) the relation 𝑌 (𝑧) = 𝐻 (𝑧) 𝑋 (𝑧) becomes 𝑌 (𝑧) 𝐵 (𝑧) = 𝑋 (𝑧) 𝐴 (𝑧) which, antiÍ𝑁
Í𝑀
transformed40 , gives rise to the finite differences equation 𝑦𝑛 − 𝑘=1
𝑏𝑘 𝑦𝑛−𝑘 = 𝑘=0
𝑎𝑘 𝑥𝑛−𝑘
or
Í𝑁
Í𝑀
𝑦𝑛 = 𝑘=1
𝑏𝑘 𝑦𝑛−𝑘 + 𝑘=0
𝑎𝑘 𝑥𝑛−𝑘
(1.16)
This expression allows to describe the operation of the filter according to the diagram
of fig. 1.4.
Í𝑀
The second term of (1.16) identifies the intermediate sequence 𝑢𝑛 = 𝑘=0
𝑎𝑘 𝑥𝑛−𝑘
Í𝑁
so that we can write 𝑦𝑛 = 𝑘=1 𝑏𝑘 𝑦𝑛−𝑘 + 𝑢𝑛 . The direct form of fig. 1.4-a) is nothing
more than the scheme of a transversal filter rotated vertically and which calculates 𝑢𝑛
starting from 𝑥𝑛 , followed by the block that calculates 𝑦𝑛 starting from itself and from
𝑢𝑛 . Since the two blocks express linear time invariant relationships, it is possible to
apply the commutative property, arriving in this way at the canonical form of Fig. 1.4-b),
in which the delay elements have been put in common, to the advantage of the memory
necessary to implement the numerical filter.
Stability The poles of the denominator of (1.15) must all lie inside of the unit circle
|𝑧| < 1, otherwise the filter will become unstable, although poles with unitary module
are allowed if placed in correspondence of a zero, in order to cancel its effect.
Sensitivity to quantization The previous consideration highlights the problem of
making the filter by means of finite precision operations: the quantization effect undergone by the coefficients leads to variations in the positions of the poles and zeros which
can cause undesirable effects and fail to obtain the desired response. For this reason
there are alternative architectures41 to the canonical one, associated with different
39 The

relationship between polynomials
is normalized

 so as toÍresult in 𝑏0 = 1.
Í𝑁
𝑀 𝑎 𝑧 −𝑘 or 𝑌 (𝑧)− Í 𝑁 𝑏 𝑧 −𝑘 𝑌 (𝑧) =
−𝑘
(𝑧) 1 − 𝑘=1 𝑏𝑘 𝑧
= 𝑋 (𝑧) 𝑘=0
𝑘
𝑘=1 𝑘

Í𝑀
−𝑘 𝑋 (𝑧); since now Z −1 𝑧 −𝑘 𝑋 (𝑧) = 𝑥
𝑎
𝑧
,
we
arrive
at
the
result
shown.
𝑛−𝑘
𝑘=0 𝑘
41 See eg http://raffaeleparisi.site.uniroma1.it/didattica/circuiti-a-tempo-discreto/dispens
chapter 8. Some architectures prove themselves (with the same precision) better than others in defining
the position of zeros and poles in the plane 𝑧.
40 The steps begin with writing 𝑌
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ways of writing (1.15) as for example in the product of factors, which gives rise to an
architecture of cells in cascade.
Phase behavior and complexity While for the fir filters there is the possibility of
obtaining a linear and therefore non-distorting phase (page 6), for iir filters this is not
possible; on the other hand, iir filters allow to obtain a good speed of variation of the
frequency response while keeping the order low, and therefore the computational load.

1.3.3

Synthesis of an IIR filter starting from an analog filter

The design of analog filters is based on consolidated and efficient methods (§ 1.1), which
produce a representation in the variable 𝑠 of the type of (1.1)42
Í𝑀
𝑎𝑚 𝑠 𝑚
𝐻𝑎 (𝑠) = Í𝑚=0
𝑁
𝑛
𝑛=0 𝑏𝑛 𝑠
to which corresponds an impulse response ℎ𝑎 (𝑡), and a differential equation
Í𝑁
𝑑 𝑛 𝑦 (𝑡) Í𝑀
𝑑 𝑚 𝑥 (𝑡)
=
𝑎
(1.17)
𝑚
𝑛=0 𝑏𝑛
𝑚=0
𝑑𝑡 𝑛
𝑑𝑡 𝑚
Starting from these quantities, methods have been identified that allow to define a
numerical filter more or less equivalent43 to an analog one, some of which we illustrate
below.
1.3.3.1

Invariance of the impulse response

This approach sets the ℎ𝑛 samples of the numerical filter as ℎ𝑛 = ℎ𝑎 (𝑛𝑇), i.e. by sampling
ℎ𝑎 (𝑡) = F −1 {𝐻𝑎 (𝑓 )}. If 𝐻𝑎 (𝑠) has 𝑁 poles in 𝑠 = 𝑑 𝑘 , for it subsists the development in
Í 𝑁 𝐴𝑘
Í𝑁
𝑑 𝑘 𝑡 and
partial fractions44 𝐻𝑎 (𝑠) = 𝑘=1
𝑘=1 𝐴𝑘 𝑒
𝑠−𝑑 𝑘 , to which corresponds an ℎ𝑎 (𝑡) =
therefore
Í𝑁
ℎ𝑛 = ℎ (𝑛𝑇) = 𝑘=1
𝐴𝑘 𝑒 𝑑 𝑘 𝑇 𝑛
whose zeta transform is45
𝐻 (𝑧) =

42 To

Í𝑁
𝑘=1

𝐴𝑘
1 − 𝑒𝑑𝑘𝑇 𝑧 −1

reduce the possibility of confusion, we adopt the subscript 𝑎 to refer to the analog world.
the sense that by feeding the numerical filter with the samples of a signal is obtained about the
same result than that obtained by sampling the output of the original analog filter.
44 See eg https://en.wikipedia.org/wiki/Partial_fraction_decomposition
45 See the example on page ??
43 In
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method
relation

invariance of ℎ (𝑡),
poles and zeros

𝑧=

𝑒𝑠𝑇
jΩ

difference equation

𝑠=
s plane

jπfc

1−𝑧−1
𝑇
jΩ

bilinear transform or
Tustin’s

𝑠=

2 1−𝑧−1
𝑇 1+𝑧−1
jΩ

s plane

σ

s plane

σ

σ

-jπfc

mapping

Im{z}

Im{z}
z plane

weaknesses

Im{z}
z plane

z plane

ω

ω

ω

Re{z}

Re{z}

Re{z}

it can only be used at

distortion of the

low frequencies

frequency axis

aliasing

Table 1.1: Peculiar aspects of the transformations 𝐻 (𝑠) ⇒ 𝐻 (𝑧)

that is, with poles in 𝑧 = 𝑒𝑑𝑘𝑇 = 𝑒𝑠𝑇 𝑠=𝑑 (46 ). The last observation involves making use
𝑘
of the transformation47 𝑧 = 𝑒𝑠𝑇 , which guarantees the maintenance of stability48 .
The transformation 𝑧 = 𝑒𝑠𝑇 also makes the imaginary axis in the 𝑠 plane (𝑠 = 𝑗𝛺 =
𝑗2𝜋𝑓 ) correspond periodically to the circumference of the unit circle in the 𝑧 plane
1
(𝑧 = 𝑒 𝑗𝜔 ), in the sense that each −𝜋 < 𝜔 < 𝜋 corresponds to a 𝛺 = 2𝜔 2𝑇
= 𝑇𝜔 ; therefore
𝑓
𝑓
the zone of the 𝑠 plan delimited between − 2𝑐 < 𝑓 < 2𝑐 is mapped inside the unit circle
of the 𝑧 plane (see table 1.1), and also the upper and lower bands suffer the same fate.
This aspect is a manifestation of the aliasing phenomenon that occurs for sampled
signals, and happens when 𝐻𝑎 (𝑓 ) does not satisfy the conditions of strict bandwidth
limitation, making the method suitable only for design of low pass or band pass filters.
An alternative way of looking at the problem is based on the consideration that to the
Í
numerical filter corresponds to ℎˆ 𝑎 (𝑡) = ∞
𝑛=0 ℎ𝑛 𝛿 (𝑡
 − 𝑛𝑇), which as known (§ ??) in
𝑛
1 Í∞
•
turn corresponds to a 𝐻𝑎 (𝑓 ) = 𝑇 𝑛=−∞ 𝐻𝑎 𝑓 − 𝑇 ; so if 𝐻𝑎 (𝑓 ) is not limited in band
1
, aliasing occurs.
between ± 2𝑇
46 Indeed

with some passages
𝐻 (𝑧) =

Í𝑁
𝐴𝑘
𝑧𝐴𝑘
𝑘=1 1−𝑒𝑑 𝑘 𝑇 𝑧−1 = 𝑘=1 𝑧−𝑒𝑑 𝑘 𝑇
Î𝑀
(𝑧−𝑐 )
(𝑧) = 𝑘 Î𝑁𝑛=1 𝑑𝑛𝑛𝑇
)
𝑛=1 ( 𝑧−𝑒

Í𝑁

can be rewritten as
𝐻

in which, however, the zeros 𝑐𝑛 must be calculated.
limited to matching only the position of the poles, as the zeros of 𝐻 (𝑠) do not map in the
𝑧−plane in the same way as the poles do, see previous note.
48 In fact, writing 𝑠 as 𝑠 = 𝜎 + 𝑗𝛺 we obtain 𝑧 = 𝑒𝑠𝑇 = 𝑒𝜎𝑇 𝑒 𝑗𝛺𝑇 , and therefore the poles 𝑑 = 𝜎 + 𝑗𝛺 of
𝑘
𝑘
𝑘
𝐻𝑎 (𝑠) which lie in the negative half plane of the 𝑠 plane, ie with 𝜎𝑘 < 0, are mapped inside of the unit
circle in the 𝑧 plane, as they correspond to poles for 𝐻 (𝑧) in 𝑧 = 𝑧 𝑘 = 𝑒𝜎𝑘 𝑇 𝑒 𝑗𝛺 𝑘 𝑇 , for which |𝑧 𝑘 | = 𝑒𝜎𝑘 𝑇 < 1.
47 Although
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1.3.3.2 Correspondence of poles and zeros
In this method the relation 𝑧 = 𝑒𝑠𝑇 also extends49 to the transformation of the zeros of
𝐻𝑎 (𝑠) into those of 𝐻 (𝑧): in practice, after arriving at the factored form
Î𝑀
𝑛=1 (𝑠 − 𝑐 𝑛 )
𝐻𝑎 (𝑠) = 𝑘 Î𝑁
𝑛=1 (𝑠 − 𝑑 𝑛 )
every zero 𝑐𝑛 (and pole 𝑑 𝑛 ) turns into 𝑒𝑐𝑛𝑇 (and 𝑒𝑑𝑛𝑇 ), giving rise to


Î𝑀
Î𝑀
𝑐𝑛𝑇
1 − 𝑒𝑐𝑛𝑇 𝑧 −1
𝑧 𝑀 𝑛=1
𝑛=1 𝑧 − 𝑒
𝐻 (𝑧) = 𝑘 Î𝑁
 = 𝑘 𝑁 Î𝑁

𝑑𝑛𝑇
𝑑 𝑛 𝑇 𝑧 −1
𝑧
𝑛=1 𝑧 − 𝑒
𝑛=1 1 − 𝑒
The same correspondences between 𝑠 plane and 𝑧 plane as in § 1.3.3.1 are maintained,
as well as the possibility of aliasing. On the other hand, the impulse response values ℎ𝑛
no longer match the samples of ℎ (𝑡).
1.3.3.3 Difference equations
Here we start from the differential equations (1.17) which are upstream of the 𝐻 (𝑠), and
which are approximated as finite difference equations (1.16). This leads to equivalence
1 − 𝑧−1
𝑇
which allows to obtain 𝐻 (𝑧) starting from 𝐻 (𝑠) through a change of variable, and
which gives rise to the correspondence shown in the center of table 1.1, where the points
of the whole negative half-plane of the domain 𝑠 map to points inside the circumference
in the 𝑧 plane with radius 0.5 and centered in 𝑧 = 0.5. Therefore, the problems related
to aliasing are now avoided, but the presence of the poles only in the right half plane
of the 𝑧 plane prevents the use of the method for designing high-pass filters.
𝑠=

1.3.3.4 Bilinear transformation
Even this last method, called Tustin’s, originates from the numerical approximation of
a differential equation, but it can be also seen as a first order approximation50 of the
relation 𝑧 = 𝑒𝑠𝑇 analyzed previously. Tustin’s method is based on the change of variable
2 1 − 𝑧 −1
𝑇 1 + 𝑧 −1
which corresponds to mapping the entire right half plane of the 𝑠 plane inside the
circumference of unit radius of the 𝑧 plane, as shown on the right of table 1.1.
Also in this case the result is stable and free of aliasing; on the other hand, a
distortion of the frequency axis occurs, since the 𝜔 phase of 𝑧 = 𝑒 𝑗𝜔 is now related to
𝑠=

49 See https://en.wikipedia.org/wiki/Matched_Z-transform_method. That there is something meaningful in writing 𝑧 = 𝑒𝑠𝑇 is motivated also from the fact that by applying the definition
of Laplace transform ad ℎ𝑎 (𝑡) we get
∫∞
∫ ∞ Í
 −𝑠𝑡
𝐻𝑎 (𝑠) = L {ℎ𝑎 (𝑡)} = −∞ ℎ𝑎 (𝑡) 𝑒−𝑠𝑡 𝑑𝑡 = −∞ ∞
𝑛=0 ℎ𝑛 𝛿 (𝑡 − 𝑛𝑇) 𝑒 𝑑𝑡 =
∫∞
Í∞
Í
−𝑠𝑛𝑇
= 𝑛=0 ℎ𝑛 −∞ 𝛿 (𝑡 − 𝑛𝑇) 𝑒−𝑠𝑡 𝑑𝑡 = ∞
𝑛=0 ℎ𝑛 𝑒
Í∞
and, given that 𝐻 (𝑧) = 𝑛=−∞ ℎ𝑛 z−𝑛 , it follows that 𝐻𝑎 (𝑠) = 𝐻 (𝑧)| 𝑧=𝑒𝑠𝑇 .
50 https://en.wikipedia.org/wiki/Bilinear_transform
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the frequency 𝑓 of the analog filter through the relation 𝜔 = 2 arctan 𝜋 𝑓𝑐 for which a
𝑓

fairly higher 𝑓𝑐 = 1/𝑇 than the frequencies of interest of the filter must be adopted51 , or
an analog filter should be designed that takes into account at the outset the distortion
to which its frequency response will be subjected.

51 In

such a case, in fact, the arctangent can be considered approximately linear.

