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Overview
Summary of the presentation

The extension of Fourier series analysis to non-periodic signals is introduced, the
Fourier transform defined, as well as its anti-transform, and the relationship in
between the Fourier series and the transform of a single period is illustrated. The
concepts of cross energy, energy density, orthogonality and Schwartz's inequality
are stated, as well as Parseval's theorem for energy signals; thus, a first list of
properties for the Fourier transform is proved

The definition of the Dirac impulse allows to obtain the expression of the
transform for constant and periodic signals, and to define the impulse response
and the convolution integral, of which a graphical interpretation is illustrated.

The equivalence between a product in time and a convolution in frequency (and
vice versa) is asserted, thus opening an alternative path to perform signal
processing operations. The effects of the multiplication between signals either in
time or in frequency are then analyzed, arriving at filters and frequency response,

as well as modulation and windowing

Finally the pulse train signal is defined, and the related transform is evaluate
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Now we talk about...

© From Fourier series to the transform
@ Transform and back, amplitude density, relation with the series
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A matter of time span

We observed that Fourier coefficients can be evaluated for a time limited signal,
resulting in a periodic series expansion x (t) = Y. X,e&/*™"* x(t)

If the fictitious period grows towards infinity

(T — o) then the fundamental frequency will

tend to zero (F — 0), as will the spacing of the v J‘ >
harmonics. After removal of the 1/ scaling factor ‘ :

] T/2 —j2mn
© the coefficients X, = [ 7 x (t) e 2t

with T — oo, are associated with frequency
values that tend to be contiguous

@ the reconstruction x (t) is no longer periodic

@ the spectrum becomes a continuous function
of frequency, that is, we have the...

A

Fourier transform
Good for aperiodic signals, it is a functional operator X (f) = F {x (t)} giving a
(generally) complex signal X (f) which depends on a continuous frequency f, starting
from a continous signal x (t) function of time. It is evaluated as
_ Bl —j2rft
X(f)=["_x(t)e dt

and its existence is guaranteed for impulsive signals, but it works also for energy
signals, and with a passage to the limit, for periodic signals too
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Anti-transform, amplitude density and signal space

The Fourier antitransform x (t) = F ' {X (f)} performs the transition back from f to t,
and is evaluated as

= [T X(f) " df
—o0
valid wherever x (t) is continuous, while in discontinuities of the first kind it returns the
intermediate value

Remember that the exponential under the integral sign takes the minus sign in
the passage t — f, and the plus sign passing from f to t

Amplitude spectrum as a density

The transform X (f) is said to be a complex amplitude spectrum, and can be written

@ X (f)= M(f)e*") where M(f), ¢ (f) are modulus and phase spectra of x (t)
Compared to the series x () = > X, ™, transform x (t) = [7_ X (f) df &*™"

n=—oo
@ it can be seen as an integral sum of an infinite # of components X (f) df with
infinitesimal amplitude; so X (f) is measured in signa//1, i.e. as an amplitude density

Space with infinite dimensionality

It can be shown (pag. 27) that the complex exponentials &>™ are an orthonormal
representation basis for a vector space with an uncountable infinity of dimensions, a
thus X (f) constitutes the representation of x (t) on that basis
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Transform of a rectangle

Now let's calculate the amplitude spectrum G (f) of the signal g (t) = Arect (t):
G(f) = [ Arect, (t)e 2 fdt = A [F e 2mfgr — A
2

. z
=27t | 2

—onf | .
2

A PE ety sin(wfr) _ s
=% 5 = Ar>=7" = At -sinc (f1)

In the graph below we can note that
@ increasing the duration 7 of the rect, G (f) narrows towards the lower frequency
region, since its first zero crossing occurs at the frequency f = 1/r;
@ if rect gets shorter, G (f) widens, extending to higher frequency regions
Notice how this result looks like the one already obtained for the Fourier series of a
periodic signal made by repeating a rect, (t) with period T, except now the shape of
G (f) is a continuous frequency distribution of the amplitude spectrum

N
t
-
@
Q
=

a

»| Tsinc(ft)
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The latter consideration can be generalized as follows:
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Fourier series and the transform of a period

Let's consider
@ a signal g (t) with duration T < T, and [\L [\L [\q [\% [\% [\?
@ a periodic signal x (t) =Y 7o g(t—kT)

Then the coefficients X, of the Fourier series for x (t) are proportional to

@ the values G (4) of the amplitude spectrum G (f) relative to g (t),
@ evaluated at frequencies f = &, as given by the relation (proof below)

Xo = L G(Mly_y (1)
Returning to the transform of a rect;, we find that
@ by evaluating G (f) at f = ¢ and dividing by T we obtain

@ the values already found X, = AZsinc (nZ) for the Fourier coefficients of a
rectangular wave constructed using the same rect, of the exercise

Proof: replacing 1/T with F as we did for periodic signals, we get

G (%) = f—oooo g(t) e*j27rnFtdt — _T/2 g(t) efj27rnFtdt _

T/2

=73/ T/zg(t e dt =T - X,
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Now we talk about...

© From Fourier series to the transform

@ Cross energy, orthogonality, Parseval, and densities

Alessandro Falaschi Fourier transform and convolution Signal Processing & Inform Theory



Cross energy and orthogonality

It's time to apply the concepts of signal spaces to energy signals, for which a
frequency representation exists

Cross energy
This term has the meaning of mutual energy, i.e. the energy that is in common
between two different energy signals x (t) and y (t). It is defined as the value

£y = (%, 7) = [Z x () y* (t) dt

that is, equal to the inner product between x (t) and y (t) in the infinite
dimensionality space of energy signals. It gives a measure of similarity between
the two signals

Orthogonality and Schwartz inequality

If £ is zero then the x (t) and y (t) signals are called orthogonal. We also note
that by virtue of the Schwartz inequality it results

&y < VEEy

Note: &, = 0 means that the product of the signals has zero mean.
@ But &, can also be negative, meaning that the signal vectors lie
in opposite half spaces
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Parseval’s theorem
for energy signals

If a Fourier transform is defined for both x (t) and y (t), then the cross
energy can be evaluated as

Sy = Ji [J X(F) &27df] y* (1) dt =

= e X(F) [, v () e2dt| of =
= JeX(f) Y*(f) df
The equivalence

/too x(t)y*(t)dt:/oo X (F) Y* () df

=—00 f=—o00

expresses Parseval’s theorem for energy signals, and implies that

@ orthogonal signals in time have Fourier transforms that are also
orthogonal, in the frequency domain

@ and vice versa
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Energy density spectrum

Substituting y (t) = x (t) in &, we get the total energy of x (t)
Ex = [Z0 x(t)x* (t)dt

or, equivalently, its quadratic norm in vector terms

Combining &, with the Parseval equality we obtain
— 2 2 2
Ex = (%, %) = [Ix|I” = [Z5 Ix (1) dt = [Z2, IX(F)" df
which highlights that the Fourier transform is an unitary operator, i.e.
@ it does not alter the norm of transformed vectors

Looking at the result shown above we can write
2
X (F)I” = & (f)
and describe & (f) as the energy density spectrum of x (t)

Indeed, the integral ff? |X (f)|? df represents the contribution to the to
energy & of x (t), limited to the frequency band between f; and £,
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Now we talk about...

© From Fourier series to the transform

@ A first set of Fourier transform features
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Linearity and conjugate symmetry

Linearity very simply derives from the distributive property of the integral that
defines the transform:

if z(t)=ax(t)+ by(t) then Z(f)=aX(f)+ bY(f)

which identifies the Fourier transform as a linear operator

@ it puts in correspondence pairs of signal-vectors x (t) and X (f)

@ both belonging to a vector space of energy signals

@ respectively defined in the time and frequency domains (see also pag. 38)
Conjugate symmetry If x (t) is a real signal we can obtain (proof below)

X (f) = X*(=f)
@ the real part of X (f) is even and the imaginary part odd, as well as
@ the module |[X (f)| is even and the phase arg {X (f)} is odd

Moreover, if x (t) besides being real is also even, then X (f) is real (even), while
if x (t) is real odd, X (f) it is purely imaginary (odd)

Proof: X* (f) = [ [ x(t) _12"ftdt] = [x*(t) &> dt = X (—f) as x (t) is real
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Duality

Transform and antitransform differ only in the sign of the exponent, and this lead to

@ if we replace the variable f (of the result X (f) of a F-transform) with variable t,

@ we obtain a function of time X (t) which, if transformed again, provides ...

@ the original signal x (t), expressed as a function of the variable f, changed of sign: x (—f)
This concept, albeit intricate when put into words, can be summarized as

F F
if x(t) U x (f) thensubstituting f witht X (t) U x (=)
]_—71 ]_—71
if X(f) S0k (t) thensubstituting t withf x (f) U x (—1)

allowing to use the results “in one direction” (e.g. time to frequency) to derive results in
the other direction (from frequency to time) without calculations, and vice versa
Example: Transform of a sinc(t) Suppose we want to find the transform of the signal
x(t) = B% = Bsinc (tB): blindly applying the integral that defines the Fourier
transform to the signal x (t) seems like a daunting task, but ...

Recalling that g A L S X
F {rect. (t)} = sinc (fr)
we can directly write t
F{B - sinc(tB)} = rectg (f) 1
B

Therefore the transform of a sinc in time is a rectangle in frequency!
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Initial (or in the origin) value and area

It describes an equality that is immediately verifiable once you notice that
o X(f) = [x(t)e/?™ftdt calculated for f =0
@ reduces to [ x (t)dt, or the area of x (t)

Therefore:

X(f:O):/ x(t)dt and, for duality x(t:O):/ X (f)df

— 00 —00

thus a zero-mean signal x (t) has no frequency components for f =0
Example As an application, we immediately find the area of a sinc (.):

© 1 1
/ sine (tB) dt = F {sinc (tB)}_ = grects (f =0) = ¢

It might seem like a silly result, but we will make use of it at page 24
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Time shift and linear phase

It is the relationship between @ the transform of a signal and

according to the predicate @ that of a shifted copy of the same

[ if z(t)=x(t+£T) then Z(f)= X(f)et2mT j

(aseuring 2 deloy) o a simple 2() = (6= T e 27fae = [ x(6) o277 0o =
change of variable 6 =t — T — e—J2nfT f x (0) e=27f0dg = X (f)e—J2mfT
Example Given a signal x (t) = rect; (t), evaluate the transform of z(t) = x(t — T)
@ Direct application of the above leads to Z (f) = 7sinc (fr)e /27T
It could be said that the exercise is over, but to draw it, look in the book what happens
Linear Phase Is the 27fT contribution subtracted from or added to the original phase
spectrum arg {X (f)}, whose peculiarity is that
@ since it varies linearly with f, then when the frequency doubles or triples
> the phase shift becomes double, triple etc., but
> all the frequency components undergo the same time shift

as shown in the next slide, or as can be experimented at the Falstad’'s websitg

Also note! A time delay is associated to a phase delay, ie a subtraction,
whereas a time anticipation gives a phase addition, ie an anticipation
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Phase spectrum impact on the waveform shape

If X (f) = F {x(t)} is somehow modified, producing a new X’ (f), then
@ in general F71{X' ()} # x (t), but the shape of x (t) will be kept if
> the X (f) module is altered by a frequency-independent scale factor and/or
> its phase is increased/decreased linearly with frequency, i.e.

X' (f) = a- X(f) > which gives F* {X' (f)} =a-x(t£T)

Example Let's consider a signal x (t) = asin (wt) + bsin (2wt) and its delayed version

x(t—T)=asin(w(t—T))+ bsin(2w(t — T)) = asin(wt —wT) + bsin (2wt —2wT)
By setting wT = 6, x (t) can be rewritten as

x(t— T) = asin(wt — 0) + bsin (2wt — 20)

allowing you to verify that the second harmonic acquires a double phase delay. In the drawing
a=1 b=20.5,0=Z and w = 0.2 are set, showing the two harmonics together with their sum,
both for the original signal and the one with a linear phase, both with the same appearance. On
the right, however, of the second harmonic phase is zero, and the sum changed a lot

ﬁin(m)/%sin(zm) |sin(wt-8) (%sin(Zlee) 1 |sin(et-8) fésin(Zml)
”\ ~ /\ AN AR AN ARAN/ ‘ A‘A
L -1F -

sum sum

o

)

o
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What is the meaning of the module and phase
spectrum?

We observed that the energy density spectrum
E(F) = X (A
expresses the frequency distribution of the total energy &, of a signal x (t)
@ since
X (F)I” = X (F)X* (F) = X (F)| X ()| ef#-eiexh)
has lost knowledge of the phase ¢, (f), then
» & (f) does not provide any information about the shape of the x (&)

Phase information ¢, (f) by itself does not give any clue to how the total
energy &, of a signal is distributed in frequency

@ it indicates only the phase (or timing) of each frequency components in
x (t), without taking into account its contribution to the total energy

@ but it provides all the information about the shape of the signal!
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Frequency shift (modulation)

It is the dual property of the time shift, and states that
if Z(f)=X(fFfh) then z(t)=x(t)et?mht

From a mnemonic point of view, we can distinguish time shift from frequency
shift by the fact that in the former the signs of the shift and of the exponent are
equal, and in the latter, opposite

From a practical point of view, some perplexity can arise due to the appearance
of a complex time signal. However,

@ by anti-transforming the sum of the spectra resulting from two opposite
frequency shifts, a real signal is obtained:

FUX(f — ) + X (f + o)} = x (t) &/2™ht 4 x (t) e /27ht =
= 2x (t) cos 2w fyt

Therefore the antitransform of the sum of two copies of X (f) shifted in %f is

equivalent to a cosine with frequency fy, whose amplitude is modulated by the
signal x (t) = F~1{X (f)}

@ it is precisely for this reason that the property is called modulation
(more on this at page 48)
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Conjugation and change of scale

The conjugation property of the Fourier transform is expressed as
F{xr ()} =X (=f);  FHX ()} =x"(-1)
(proof in the book) and
@ if x(t) is real, we find the conjugated symmetry X (f) = X* (—f) again

Change of scale
It quantifies the effect that a temporal velocity change has on the spectrum
@ if for example we fast-forward play a magnetic tape, we will listen to a shorter
duration sound, and with a higher pitch
This is analytically expressed as F {x (at)} = ﬁX (£)
@ in which if |a] > 1 then a time acceleration (and a spectral widening) is obtained,
or the reverse if |a| < 1

A corollary is that when a = —1 we have F {x (—t)} = X (—f)

But for now we suspend the list of the properties of Fourier's transform to introduce a new
very particular signal, with which we will be able to define an additional analytical tool suc
the convolution integral, used to describe the transit of signals through a filter
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Now we talk about...

e Unit impulse, response to it, applications and convolution
@ Dirac’s impulse is a shot
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The Dirac impulse

Indicated by the simbol d(t) or Dirac delta, or unit impulse, it describes an
ideal signal which

@ is zero everywhere
@ except for t = 0 where it takes an infinite value
@ at the same time, the area of §(t) is unitary:

oo witht=20 o
(5(t)—{ > v and /_Ooé(t)dt_l

From an analytic point of view ¢ (t) is not a function but rather a
distribution, defined as the limit towards which a succession of functions
tends, as discussed in the following slide

It is common practice to graphically represent A- ¢ (t) as an X(0) =A%)

arrow with the value of its area A written alongside A ;
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Transform of a constant

Although for a constant signal x (t) = A the integral [~ _x (t) e /*™"dt is zero
for any f except in f = 0 where it doesn't converge, thanks to §() we obtain that

The Fourier transform of a constant is a Dirac impulse with an area

equal to the value of the constant

This is true for both domains f and t, providing

F{A} = A-5(F)

and FH{A}=A-6(t)

Let's think to A as the limit of an expanding rectangle
A = lim; o Arect, (t)

whose transform is

FA{lim; 500 Arect, ()} = Alim; 00 F {rect, (t)} =
oo withf =20
0 elsewhere
These are the exact circumstances that define 6 (), and it
remains to verify that ffooo Tsinc (f7) df = 1: but on page
16 it is actually shown that such an integral evaluates to
one for any 7, and therefore we can write 7 {A} = A-¢ (f)

= Alim; o0 Tsine (f7) =
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Transform of periodic signals

Let's consider now a periodic signal x (t) whose Fourier series expansion is written as
_ o} j2rnFt
x(t) =2l Xae

By applying the already discussed properties we can find

X(F)=F{>Xr X ™} =5 X, F{1.}=%"" _ X,5(f - nF)
(2
that is, the amplitude spectrum of a periodic signal is made up of Dirac pulses
@ centered on harmonic frequencies and
@ with area equal to the Fourier coefficients of its series expansion, i.e.
the amplitude density X (f) is concentrated only on these frequencies (more at page 63)
Transform of a cosine Let's apply this result in the opposite direction, i.e to obtain the

Fourier coefficients starting from the expression of the Fourier transform. In the case of a
cosine, written as x (t) = Acos (2nfot + ¢) = g(ef(hfot‘*'@) + e—J'(27Tf0t+99))’ the associated

Fourier transform is A-iv XM A
X(f) = F é (ej27rfbte[<p + e—jzwfoteﬂxp)} TZ Tz .
4 {6 (F—fo) +e 95 (f+ 1)} ) ‘ o

. . . P : . .transform of a cosine
in which we recognize X1 = ée"/’ and X_1 = ge*”’ as shown in the figure
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More than a frequency?

The drawing below shows
@ on the left, the waveform of a periodic signal made up of two harmonics of
different amplitudes
@ in the center, the harmonics as a function of time, and
@ on the rigth, the frequency content of the waveform (only for positive
frequencies) made up of two pulses centered at the harmonic frequencies,
with height equal to the amplitude density

FT Frequency Domain

Time Domain i
s(t) S(w)
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Complex exponentials as an orthogonal basis
(but feel free to jump over this slide)

Let’s ask ourselves if the functions €™ can be considered as an orthonormal basis for
energy signals when represented by the respective Fourier transform, as anticipated

The biggest obstacle is that functions ¢™® are not impulsive signals, nor of energy: in
fact e2™fe™/2™" — 1 and therefore the inner product gives ffooo 2 fte 2 Rt gt — oo,
But if we calculate the inner product as a passage to the limit, we get

lim f:/i/ze’hfte*ﬂ“tdt = lim f:/i/zejz“(ffk)tdt = TILmOOT-sinc (F=XN)T1)=0(f=X)

T—>00 T—00
or <efz”f‘,efzﬂ“> =5(f=-)\)= { 20 :? ? i i . If we then apply the definition of inner
product for power signals to exponentials, we obtain
<ej2"ft ej2"”> = lim Lrsinc((f — \)7) = { 0 iFf#A
’ power 100 1 iff=)

thus allowing to declare the basis {e’?”f‘} as orthonormal for the power signals space.
Indeed, since the introduction of the impulse 0 (.) allows to extend the Fourier transform
operator also to the periodic signals case, which are power signals, it seems reasonable
to consider the power signals space as the correct one in which to identify the functions
of the basis that allows the representation x (t) = ffooo X (f) &> df for the signal

x (t) in terms of the corresponding Fourier transform X (f) = ff; x (t) e >t dt
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Now we talk about...

e Unit impulse, response to it, applications and convolution

@ Impulse response and the convolution integral
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Sampling and sifting
Which lead to a representation basis for continuous time signals

. . . product of x(t) by two pulses
The product between a signal and a unit pulse is equal

. - A ()
to a pulse with an area equal to the value of the signal /\/\ /\
at the instant in which the pulse is centered, i.e. t

0
X (£)8(t—7) = x(7) 8 (¢ — ) P e
. 1 t‘
known as the sampling property of the impulse X(6)Y K ]

Sifting operator Integrating both members we get [~ x(t)4(t —7)dt = x (7)
which, after an exchange of variables, allows to write x (t) as

x(t) = fiX;CX(T)(S(T —t)dr
or as an infinite sum of terms with value x ()¢ (7 — t) d7

@ The operator is called sifting since it is like passing x (t) through a sieve, as it
appears in both members, as well as flour appears on both sides of a sieve

We are saying that the sifting integral is a reconstruction formula for a space with
infinite dimensions, where

@ as 7 varies, (T — t) is a vector of an orthonormal representation basis, and

@ x (7) is the component of x (t) with respect to the § (7 — t) vector of the basi

computed as a scalar product, i.e. x(7) = ffooo x(t)o(t—7)dt

@ ...psst §(t) is even
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Impulse response

The impulse &(t) allows the definition of h(t) as the impulse response of an LTI system
@ allowing its output to be obtained for any input
@ by calculating the convolution integral,
@ the functional operator of which h(t) is the kernel X0, physical | YO |
S(t) system h(t)

Let's consider a physical system

@ solicited by an impulse 6 (t) centered at t = 0 and x(t) = (1) y(t) = h(t)
@ call its output as the impulse response h(t) of the t ¢ a t
system, i.e. the response to the impulse § (t) -

> a8 (t-1;) T a;h(t-;)
The values of h(t) 08T t i ;u\ t
@ are those of the output fAL —

@ after a time equal to t has elapsed since the pulse was applied at input
@ If the system is causal then h(t) = 0 with t <0

Adding the condition that the system is LTI, if the input is made of several pulses, each
with area a; and centered at t = 7;. i.e. x(t) = Z,N:1 aid (t— i)
then the output becomes equal to y(t) = Zf\il aih(t — )

The output y (t) at any given instant t is the result of the sum of N terms,
@ each relative (by a factor a;) to the value of the impulse response evaluated with an
argument t — 7;

@ equal to the time elapsed between the instant of application 7; of the i — th pulse anq
instant of observation t
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Convolution
The operator who links input and output

Let us consider again an LTI physical system described by impulse response h(t)
@ with a generic input signal x (t) which
@ thanks to the sifting property (p. 29) and the fact that § (t) is even
@ can be thought of as decomposed in infinite terms, i.e.
@ an integral sum of pulses each centered at instant t and with (infinitesimal) area x (7) d7

that is
x(t) = ffCOOX(T)dTé(t—T)

The corresponding output y (t) is obtained with the same reasoning done in the
previous slide, since y (t) is the superposition of an infinite number of responses, each
relating to a different impulse x (7) d7 6 (t — 7) of which the input is composed, that is

y (1) :ffooox(T) h(t—7)dr

where h(t — 7) is the output at instant t caused by the input pulse centered at 7

This result is known as a convolution integral, and is indicated in symbolic form by an
asterisk (*), so that it can also be spoken of in terms of a X0
convolution product, ie g (t) = x (t) * h(t) —> hO

As antlcu?ated., h(t) completely characterizes the physllcal Calculation of the output
system, since it allows to calculate the output for any input for any input
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Commutative property of convolution

If a signal h(t) is input to a system with impulse response x (t)
@ we get the same output as when x (t) is input to an h(t) system

@ as the convolution integral is commutative (proof in the book), €.g.

(6 = x(£) (1) = .
= [T x(r)h(t—=7)dr=["__h(r) x(t —7) dT = h(t) * x (¢)

This property, together with linearity, allows to establish the results in the picture,
showing that the passage

x(t) y()
through several linear h,(®) hy(t) (1)
systems connected in series X(t) y(t)
h h
(or in parallel)
X(t) o) = o) %00 y(t) x(t

@ whose im pu Ise response Equivalent impulse response for series and parallel systems

@ is equivalent to that of a
single system

@ is equal to the convolution (or the sum) of the individual impulse responses
respectively
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How the convolution operates

Let's explain graphically how the convolution operator uses the values of h(t) to weight
the previous input values in the calculation of each single output value y (t)

@ suppose that h(t) (first row) is a decreasing AN

exponential, and x (t) (third row) triangular

4

@ we want to draw the integrand function x (7) h(t —7)  ner)f
(fourth row) that appears in the convolution calculus (p. J

31), for a generic output instant t = T/\
@ the second row shows the appeareance (as anticipated in Ty
the second slide set) of h(t — 7) where 7 has the role of h(t A
,-“ rea

the independent variable
> the drawing is obtained by first inverting h(7) with e
respect to the time origin, and then shifting it to the t
right by the t displacement t=T

The product of signals in second and third rows is equal to x (1) h(t — 7), whose shaded
area is the result of convolution at output instant t = t, ie

y(t) = f_ooooX(T) h(t—71) dr

Would you like to ear at some audio impulse responses? By convolving one of them
a sound, you will get a reverb effect
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The memory function of the impulse response

For values other than t
@ the term h (f - T) is shifted by a different amount,
providing a different value of the integral, that is, a different output value
Although an integral computes a number
@ convolution produces a signal because the integral is formally evaluated for all possible t
shift values of h(t — 7). Check it out at [1], [2], [3] or [4]

The calculation of the x (7) h(t — 7) area thus has the meaning of

@ adding up the responses caused by all the input signal values which have been already
entered, and

@ each term h (? - 7') of the integral sum weights the input x (7) at instant 7 on the basis
of the elapsed time t — 7 between the (past) instant 7 < t of application of the input
value, and the observation instant t

The values of h(t) therefore represent the weight that the physical system memory
attaches to previous inputs

Temporal extension of the convolution

Based on the graphical construction it is easy to verify that

@ if x(t) and h(t) both are of limited duration, that is x (t) # 0 with t € [0, T,] and
h(t) # 0 with t € [0, Tj]

@ then the result y (t) = x (t) * h(t) has a temporal extension ranging from
t=0to t = Ty + Ty, ie its duration is equal to the sum of x (t) and h(t) durations
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Convolution with a translated impulse
The signals forklift

Let us now consider an LTI system that operates a

. . i = x(t-6
simple delay 6 on the input signals: O by = 5oy L0 XD
@ in this case we write h(t) = § (t — 0), that is, the
impulse response corresponds to a delayed impulse delay element

To get the output, which we know must be equal to y (t) = x (¢t — 6), we can use
the convolution integral, getting

! X(1)
y(t)=x(t)xh(t)=x(t)*xd(t—0) = M /\ T,

:f7 x(r)6(t—0—171)dr=x(t—0) Té(terT

T
»

6 terms of the convolution

This result allows us to state a general principle, v ¢
with a translated impulse

which will be used frequently, and which reads:

The convolution between a signal x (t) and an impulse ¢ (t — 0) centered at
an instant 6 causes the translation of x (t) at the instant in which the
impulse is centered

Note that an equivalent result also holds in the frequency domain, where the
convolution causes a frequency shift
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Now we talk about...

e Multiplication in frequency and time, derivative and integral
@ Convolution in time is a multiplication in frequency, and vice versa
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The convolution theorem
The equivalence of different operations in different spaces

Now we can resume the discussion on the properties of the Fourier transform!

The big news is that

The Fourier transform of the convolution between two signals is
equal to the product of the signal’s transforms

or

Fix () xy (1)} = X(F) Y (f) J

whose proof is
z(f) = Fix®xy®}=["_[[7 x(7)y(t—7)dr] e fdt =
= foo x(7) [ Oooo (t—7) e’j2”&dt] dr = ff; x (1) Y (f) e 277 dr =

f)f x (1) e 27T dr = Y () - X ()

oo

Obviously (1) also the dual property holds, ie the transform of a product in time
is equal to a convolution in frequency, that is

F{x(t) -y (1)} = X (F) « Y (f)
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The time - frequency isomorphism

The following diagram shows how the relationship
Fix(t) -y (1)} = X(f) = Y (f)

identifies an isomorphism between signal spaces in time and frequency

77!
time e . 7 frequency
x(t) 1
FIF
product ] convolution
FF

Clearly, F {x (t) * y (t)} = X (f)- Y (f) also represents an analogous isomorphism

Let's now discuss the consequences and implications of this couple of results,
starting from the second
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Now we talk about...

e Multiplication in frequency and time, derivative and integral

@ Frequency multiplication (filtering)
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Choose the simplest path

The most direct way to take advantage of time-frequency isomorphism is
to exploit the frequency multiplication property

@ to evaluate the output of a physical system

@ once its input x (t) and impulse response h(t) are known,

@ if the respective Fourier transform are also known

In this case, instead of evaluating the convolution x (t) * h (t), the output
can be obtained by applying

Y (f) = F {x(t) « h ()} = X (F) H(f)

and then evaluating y (t) = F-1{Y ()}

The transform of the impulse response H (f) = F {h(t)} is called
frequency response, for the reason which will be given soon, along with
some examples of applying this property to cases already known to the
reader
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Frequency response and its measure (analysis)

If the input to the system is a complex exponential x (t) = ¢/27%¢ signal, then

@ only the frequency fy is present (in fact X (f) =6 (f — f)), so that

@ we can write the output as Y (f) = H(f) (f — fo) = H(R) o (f — f)
and using the exponential notation H (f) = |H (f) |¢/*() we obtain

Y () = FH{H (R) 6 (F = )} = H(§) 27 = [H () [eorfe-<(6)

i.e. module and phase of the output reflect how the system responds to the unique
fo given at its input: this is the reason for calling H (f) as the frequency response
Measure of the frequency response If h(t) is real then H(f) = H* (—f), and

@ H(f) can be measured by using x (t) = Acos (2rfyt + 0) at the input, with known
amplitude A and phase 6 as the input x (t), because

@ the output signal y (t) will also be a cosine (proof in the book), with changed
amplitude A - |H (fo) | and phase 6 + ¢ (fo), from which you get

H(f)] = 22 and o (f) = arg {y (£)} — arg {x (1)}

By repeating the procedure for several f, we can “sample” H (f)

But... how to measure max and arg?? Maybe with an oscilloscope and Lissajous plots [1],
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Measure of the phase difference

But aside from the nice Lissajous curves, is there an easier method to measure
the phase difference in between two sinusoids?

Sure! Let's take the plot (read on a dual-trace N T
oscilloscope) where two sinusoids with equal period
T have a delay of 7. Now we need to evaluate the
simple proportion:

T:T=¢:2m T
so that, quite simply, we have ¢ =27+

@ But note also that the blue curve has a delay, so
that its argument is those of the black one, —¢

Yes? What do you say? Why is an entire period T related to an angle equal to
2777 Oh well, you're rigth, it's not that obvious..

@ first, you should note that the ratio of the circumference C to the diameter d of
any circle is 3.14159... =7, or % =7

@ so, since the diameter d is twice the radius, i.e. d = 2r, we have % =27

@ in conclusion, when a point, rotating on a circle of radius one, has completed
revolution, it has traveled a distance of 27
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Linear phase and delay
Something already discussed, reviewed in the new perspective

Let's take the case for which H (f) = e 277 then
@ the system is said to have a linear phase and

@ it is equivalent to a delay element, which reproduces the value that was
present at the input 7 moments earlier

In fact, on the basis of the time-shift property we have
y(£)=F Y ()} = FH{X (e} =x(t—7)
On the other hand, writing the convolution integral and remembering that
h(t) = F 1{e 2"} = §(t — 1), we would have obtained
y(t) = ffooox(ﬂ) S(t—7—-0)dd=x(t—71)
rediscovering the property of convolution for a translated impulse

Such a system is called a perfect channel, since

@ it does not alter the waveform of the signals passing through it
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Cascading systems
Effects of effects

Applying the output y (t) = x (t) * h(t) of a first system with i.r. h(t)
@ to the input of a second filter with impulse response g (t), and

@ remembering that (page 32) the cascade of the two systems is equivalent to
an overall system with an impulse response i (t) = h(t) x g (t)

we obtain the result z (t) = y (t) * g (t) = x (t) * h(t) * g (t), whose Fourier
transform is

ﬂ>| h(t |y—(t)>| 9(t) }i(tl F >&>| H(f) |ﬁ)>| G(7) ki(ﬂ

H(HG(f)

Therefore, the frequency response of systems placed in series is the product of the
relative frequency responses

As a product is commutative, and convolution also does,

@ systems can be interchanged (at least, in principle)
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Filter synthesis

Design according to your needs

In addition to analyzing the impulse or frequency response of a system
@ we may also be interested in synthesizing a filter, so that

@ its behaviour satisfies a particular need, expressed in the time or frequency domain

This aspect will be addressed later, since

@ the design of a filter is developed by operating directly in the digital domain

In any case, we can immediately investigate the relationship between frequency
and impulse response using the Falstad tool:

@ when opened, you are faced with a low pass filter with white noise input

@ experiment how by varying the (half )rect cutoff frequency of H (f) you get a sinc
impulse response h(t) with inverse main lobe width
@ experiment how increasing the filter order gives a steeper H (f), and a longer h(t)

> the central drawings are the output spectrum and its waveform
> the output and H (f) spectrum are plotted as 10 log;, Power, i.e. in dB
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Transform of a triangle

and energy density of a rectangle
recty/o(1)

The transform of x (t) = trit (t) can be evaluated in an .
easy way after noting that L oot . T
772(
e 1
trit (t) = Frectrs, (t) * rectry, (t) IT_ | T,
as shown by the graphic construction on the side deT’Z(T)’emT’Z(m
@ When t = O and the t_wo unitary re.ct <.:oincide, the Jﬂriﬂt) "
area of their product is 7/2, and this gives the scale . t
factor in the formula. It's easy to write at this point toT >
_ 2 2 _ 2(Tcin~(fT\\2 — T cin2(fT
X(f) == (]-"{recl‘r/2 (1} = ?(751nc(7)) = Tsinc® (L)
Energy density of a rectangle As known &, (f) = |X (f) | and for x (t) = rectr (t)
with X (f) = Tsinc (fT) we obtain & () = |X | = T?sinc? (fT), thus finding again
the shape of the transform of a triangle
scala logaritmica
100 1007 10 logso[T sinc (T2
[T sinc (T)J?
7 T=10 0
5
phil]
| Aﬂﬂﬂ ‘ ﬂﬂﬂﬂ
-0.6 -0.4 -0.2 [ 0.2 0.4 0.6 -0.6 -0.4 -0.2 0 0.2 0.4 0.6
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Now we talk about...

e Multiplication in frequency and time, derivative and integral

@ Time multiplication (modulation and windowing)
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An example of the effect of the product over time

Let's investigate the frequency consequences of the time product

Z(f) = F{x(t)y (t)} = X () = Y (f)
using the example already used at page 20, i.e. z(t) = rectr (t) cos27fyt,
graphed below (for T =2, fy = 10). Applying the frequency shift property

Z(f)=3F {rectr (1) (ejhfot + esz"fot)} = L (sinc[(f — fo) T] +sinc[(f + ) T])
The result (shown on the right) coincides with the expected one, as it can also be
obtained as a frequency convolution between X (f) = F {rectr (t)} = Tsinc (fT) and
the two shifted impulses Y (f) = F {cos2rfot} = 3 (6 (f — fo) — & (f + f)),
determining the replication of the rect spectrum, shifted at the cosine frequency (p. 35)

1.5

recty(t)cos(2nfyt) I due sinc() centrati su +- f,

SO
I e
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Modulation

Moving the spectrum around the carrier

In the previous example one of the two signals was a (co)sinusoid: when this is
true the product takes the name of modulation, in which
@ the cosine is the carrier
@ the other signal is the modulating one
> in the example the rectangle is constant and therefore the amplitude of the
cosine does not vary, but
> the term modulation refers to the product of a sinusoid for a signal with any
behavior

@ the result of the product is the modulated signal

The amplitude modulation with which radio transmissions operate refers to this
@ thus sharing the available bandwidth between different transmissions
@ assigning each of them a different carrier frequency fo (fi, f..) on which to
transmit
As shown in the picture, the spectrum of P (
each transmission shifts to f;, allowing the f/\/\/\/\/\ I X /V\/\/\/\\
different channels to be separated at the ! 7

o fo

receiver (e.g.) by band-pass filtering
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Now we talk about...

e Multiplication in frequency and time, derivative and integral

@ Windowing and short time frequency analysis
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Windowing

How the spectrum changes as we narrow the point of view

While modulation occurs if one of the factors is a (co)sine, when instead

@ we multiply a generic signal x (t) with another of limited duration w (t) (the
window function)

@ the effect is called windowing, and is expressed as
y (t) =x (1) - w(t)
With reference to the example on page 48 we find that for increasing T

@ Y (f) tends more and more to resemble a pair of pulses, i.e. the known result for a
cosine of infinite duration

@ if instead we consider only a short interval of a signal, the cosine spectrum changes
due to the frequency convolution with the analysis window transform

We know that the transform of y (t) = x (t) w (t) has expression

and therefore Y (f) = X (f) = W(f)
@ the true spectrum X (f) of x (t) cannot be known, if not after the effect

introduced by the convolution with W (f), i.e. with the transform of the window
function w (t)

So let's go ahead, and examine the consequences of the different choices for
the window function
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Rectangular vs. triangular (or Bartlett) windows

If we choose to adopt a triangular window with duration a O
T equal to that of a rectangle, from page 46 we get ,—*—\
. T . T 2 ; .;_5 ; -1}.5 -‘1’-0“.5 o‘l.s“‘ 1“.5 L 2“.5‘}3
Wi (f) = F {trir (t)} = 2 [Smc (7)] o Tsinodm) —
whereas | (AsnelmaF--
Wieet (f) = F {rectt (t)} = Tsinc (fT)

As can be seen, the triangular window has a smoother appearance over time
(there are no first-kind discontinuities) than rect(t), and this is reflected in a
greater concentration of its transform at low frequencies

Indeed

@ the main lobe of Wy, (f) has a double extension compared to Wiec (f)

> (the first zero is found ad f = % instead of %)

@ the tails decrease faster, going to zero as %

@ the value W,,; (f = 0) is halved, as the area of w,; (t) does

Alessandro Falaschi Fourier transform and convolution Signal Processing & Inform Theory



Two tones, windowed

rect di 2 sec — 2| tri di 2 sec —— -
] s ]
] ik ]
| il j\\ﬂ |
o
i 1
ol
o 5 10 15 20 25 30 35 40 45 50 o 5 10 15 20 25 30 35 40 45 50
2t rect di 0.5 sec — - 2 tri di 0.5 sec — -
15 1 15 1
1+ 1 s q
"l /\ /\ | "l |
o o
f f
05 05
o 5 10 15 20 25 30 35 40 45 50 o 5 10 15 20 25 30 35 40 45 50
2 rect di 0.25 sec — 2+ tri di 0.25 sec —
15 1 15 1
1 1 s 1
05 1 05 - 1
o o
f f
-05 05
o 5 10 15 20 25 30 35 40 45 50 o 5 10 15 20 25 30 35 40 45 50

Trasform of two tones at 10 and 15 Hz, evaluated with a window function
rectt (t) (left) or trir (t) (rigth) of duration 2, 0.5 and 0.25 seconds
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Spectral resolution
The ability to distinguish

If the window duration becomes too short

@ we are no longer able to distinguish the presence of tones at different
frequencies within the analysis window, or, in other words,

@ we lose the ability to resolve close frequencies

In fact as the product (f; — fo) - T decreases, the two transforms W (f)
interact more deeply
The larger the main lobe of W (f), the sooner this phenomenon occurs; so
@ using a triangular window worsens spectral resolution
@ a rectangular window has the best ability to distinguish two adjacent tones
but
@ a rectangular window has tails of greater amplitude and duration, so,

@ a triangular window produces fewer artifacts
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Spectral leakage
Things that shouldn’t be there

The second effect of windowing is the presence of energy also at frequency
regions where there is no signal at all !

@ for such a reason this effect is called leakage

@ caused by the dynamics and duration of the spectral tails of the window used

As an example the first row at page 53 shows how
@ by adopting w (t) = trir (t) instead of a rectt (t), we get a Y (f) more similar to
that of two tones
@ this is due to the long tails of Wi (f) = Tsinc (fT) which spread the energy
content of each tone even to distant frequencies,

@ while in the case of w (t) = trir (t) this occurs in a much lesser extent, avoiding
the appearance of artifacts

Considerations of this kind may make one window function preferable to another,

depending on the specific purpose of the spectral estimation
@ the shorter the lateral extension of W (f) is (relative to the main lobe), the smf
the spectral leakage
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Spectral variations of informative signals

@ Non-periodic signals (speech, music..) convey information based on acoustic
characteristics (e.g. their spectral content) that change over time
> have you ever seen a speaking tongue magnetic resonance?
@ for this reason they are natural candidates for repetitive analysis of short

segments (windows) of the time vaweform

Time

Amplitude

Frequency
WA <
j\""’\r\,_ "~

I
|
I
|
I
|
I
|
I
Y
Y

Time
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Short time frequency analysis

This is typically done with numerical methods (FFT, LPC) but in general it is

worth explaining the concept here

@ By using a short or long
time window we
respectively get an analysis

with a large or narrow g
bandwidth £

§

@ this is because longer £

windows have a narrower
main frequency lobe,
providing better frequency
resolution

@ conversely, shorter windows
follow the temporal
variations of the waveform
more closely

frequency in kHz

Some experiments can be done with the help of Audacity
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Fourier transform and convolution

time in ms
spectrogram of ‘should we chase?' at 10 and 40 msec window
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Now we talk about...

e Multiplication in frequency and time, derivative and integral

@ Derivation and integration over time
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Fourier transform of a time derivative

These last two properties find use in some particular cases. Quite unexpectedly,

@ both the derivative and the integral of a signal can be conceived as its passage
through an LTI system (i.e. a filter), high-pass and low-pass, respectively

Time derivative
The transform Y (f) of a signal y (t) = 2x (t) can be expressed as (see the book)
Y (f) = F{Gx(t)} = j2rf - X (f)

that is, the derivative operator acts as a filter with H (f) = j27f, so that

@ the module of X (f) is amplified as the frequency increases with a law proportional
to f, since it is multiplied by 27 |f| A

@ its phase changes by 7 - sgn(f), this being the 2n
contribution given by the purely imaginary number 1 >
jorf =2m|f| 20 e, m“arg{H(f)}

@ the phase of X (f) undergoes an increase of 7 for f
positive frequencies, and an equal decrease for the —_— 2
negative ones

IH(!

Therefore, the derivative of a signal corresponds to the output of a filter described
by the frequency response H (f) shown in figure
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Integration over time

Indicating the integral signal (o primitive) as y (t) = fioox(Q) db, the
relationship between integral and derivative allows us to write

X(f
Y (f) :}"{f_toox(e)de} = X0
In analogy to the derivative, the above formula is the output of an integrator filter
with H (f) = —jz=7, which

@ boosts the lower frequencies of the original signal IHE®!
according to the hyperbolic behaviour of
|H ()| = Y2x|f], and ¢

@ modifies the phase of X (f) by an —Zsgn(f) amount, ‘ e
. . L 4 arg{H(f)}
an alteration opposite to the case of the derivative, | /2
since j has now changed sign. £
-n/2

BUT |H (f)| goes to infinity in f = 0, so that
@ if X(f=0)= fix;ox(t) dt # 0, i.e. if x(t) has not zero mean, then

o y(t)= f_too x (0) d does not go to zero for t — oo, thus

@ y(t) is not an energy signal, its Fourier transform is undefined, and calculation of
the latter requires some trick (see the book)

@ ending in the addition of the term 15 (f) to H(f) = —j5%;, also shown in the
figure
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Now we talk about...

0 Pulse train and its applications
@ Periodicy in time and frequency, and periodic signal transform
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Definition of a pulse train and its Fourier transform

A pulse train (or comb) with period T is made by an infinite series of pulses, i.e.

T (t) = Yoo 0 (£ = mT) 1 1Tan T;

‘2T T T 2T

Fourier series of the pulse train _
77 (t) is periodic, so also 77 (t) = >.°0 __ M,e/>™ holds, with F = 1 and

n=—oo
I )
Moo=+ [2p [0 6 (t—mT)] 72 dt =
I ) I
=7 [P () e =5 7 16(t) de = ¢
as only § (t) falls within the integration interval, and then the sampling property is
applied. Thus all the M, have the same value % obtaining
mr(t) = + X &
@ also note that 77 (t) (real even) can be rewritten as w7 (t) = % + % Z:‘;l
Pulse train transform From the 7 (t) series expansion we get

Flrr (@} =F{F X2 =230 L 0(f—2)=2N1(f
that is
@ the transform of a pulse train is itself a pulse train, T1(f)
with amplitude 1/7, and with a period (in frequency) T T T T1/ ¥
that is the inverse of the original one, ie

Flar (t)} = #04(f)
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Transform of a periodic signal, revisited

We now use the last result to obtain an alternative formula for a generic periodic
signal x (t) with period T. First, we write x (t) as usual as

x(t) =Y 8 (t—mT)
which can be rewritten as
x() =g ()0 (t—mT)=g(t)x > 0(t—mT)=g(t)=mr(t)
(thanks to the linearity of the convolution). Using now the frequency multiplication
property, the spectrum of x (t) is obtained as

X(f) = G(f) - Fimr (t)}
and therefore, using the expression of F {r (t)} already obtained we get

X(7)= G(F)- 3N (A= T2 .6 (3)5(F-3)
that is (but, also by substituting (1) in (2))

transform G (f) = F {g (t)} of one period of it, times a (frequency) pulse

the transform of a periodic signal x (t) is equal to the product of the
train with period % and amplitude % E
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Properties of the Fourier transform

A summary of the relationships illustrated in the chapter

Property z(t) Z(f)y=F{z(t)}
Linearity ax (t) + by (t) aX (f)+ bY (f)
Conjugate x*(t) X*(—f)

Change of scale x (at) ‘—i'X (£)

Delay x(t—=T) X (f)e=s2fT
Frequency translation x (t) e/2rfot X (f — fy)
Amplitude modulation x (t) cos 2mfyt IX(f —fo) + 3X(f+1o)
Frequency product [Z x(m) y(t—7)dT X(f)Y(f)
Product over time x(t)y(t) [Z X (o) Y(f—0)do
Duality X (t) x (=f)
Conjugate symmetry x (t) real X (f)=X*(-f)
Derivation 4 x(t) Jj2rf - X (f)
Integration If_x(0)de 20 4+ 15(f) X (0)
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Transforms of signals

x(t) \ X (f) | P/E | P(f)/E(f) | Pot/En

cos (27 fot + ) 1e/?6 (f — fo) + : 15(F—h)+ P
30796 (f + fo) 10 (F—1h)
A \ A6 (f) | A | As(F) | P
A - rect, (t) ‘ A - rsinc (1) ‘ A2 ‘ A? . 72sinc? (fr) ‘ E
A - trip, (t) ‘ A - Tsinc? (f7) ‘ A? % ‘ A? . r2sinc* (f7) ‘ E
rzo | e | | T | E
— 2
e 7l ‘ ETe ‘ ‘ R TR ‘ E
2 (c2mf)? 2

e 202 ‘ o\ 2me™ 2z ‘ ‘ 2rgle(927f) ‘ E
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