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Overview

Summary of the presentation

The theory that allows the transition from the analog to the digital domain is illustrated,
showing how a limited bandwidth signal can be fully described by knowing only its
samples, provided that they are taken at a sufficiently high rate

Insights are given on the consequences of non-compliance with the requirements, as well

as the measures necessary to guarantee them are described, without incurring excessive

implementation complexity. Other implementation aspects are addressed such as A/D

conversion, sample quantization and associated error magnitude, and digital-to-analog
restitution

Everything is now ready to discuss the different types of Fourier analysis for the digital
domain, such as DTFT for indefinite sequences, or DFT and its inverse in the temporally
limited (or periodic) case. Calculating the DTFT as a zeta-transform value on the unit
circle allows us to express the positive-frequency bandwidth of the spectrum as pi as well
as fc/2, or N/2 for the points of DFT, or 1/2 as normalized frequency

But first, we deal with the numerical filtering via DFT, the discrete and circular
convolution, the convolution between sequences of finite duration, and between infin

ite
sequences and numerical impulse responses

&
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Now we talk about...

o From sampling to quantization
@ Sampling, reconstruction, and aliasing
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The sampling theorem

A signal with limited bandwidth can be completely rebuilt from knowledge of its
samples alone, as long as they are taken at a high enough rate, i.e.

A time signal x (t) with a spectrum delimited within a frequency interval
(=W, W) is fully described by its values taken at regular time intervals

t, = nT., where n is an integer and T, < ﬁ is the sampling period; from
the samples it is possible to trace its values for any other instant

@ the frequency f.,,, = =—— = 2W is the minimum rate at which x (t) must be

TcMax
sampled, i.e. twice of the maximum frequency W in the signal

@ then the signal can be completely reconstructed using a cardinal interpolation
formula, which combines the x (nT.) samples of the signal as

x(t) =3  x(nT.)-sinc(f (t —nTe))

i.e. on the basis of a periodic (modulated) repetition of the impulse

sinc (fct) = S”‘T’fft, which for this reason is called cardinal sin
c

> other forms (not cardinal) of reconstruction are also possible

> and yes, the sinc (f (t — nT.)) set (as n varies) is an orthogonal basis!
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Understanding the reconstruction formula

@ sinc (fct) passes through zero for t = nT, as
its shifted copies do, therefore

@ at t = nT. the sum gives the value x (nT¢)
exactly, whereas )

@ at other times x (t) is the result of the sum ' T, 2T 3L
of the tails of the other sincs

Now we observe that the sum can be thought of as the result of this processing scheme

band-limited sampler sampled reconstrucnon h(t) recovered
signal x() () signal y(t) signal
x(t) x(0) > ty=x(

t O | T t

i.e. first using a pulse train 71, (t) with period T. < 1/2w to get a sampled signal

x*(t)=x(t)-7mr. (t) = :iioox(nTc)(S(t—nTc)
then passing x*® (t) through a (non-causal) filter with h(t) = sinc (ft), such that
@ for each x (nT.)d (t — nT.) impulse entering the filter, a replica of the impulse

response centered in t = nT, is output, that is

y(t) = x*(t)xh(t)=[>,x(nTc)d(t— nTe)] *sinc (ft) =
= >, x(nTc)sinc(f (t — nTe))
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Sampling theorem in the frequency domain

To prove that y (t) is equal to x (t), and to justify the bandwidth limitation
requirement, let's analyze what happens for X* () = F {x* (t)}

Recalling that F {77, (t)} = %nl/Tc (t) we can write

X*(F) = F{x(8) - 7r () = X ()« N0 () = X(F)x 3077 _o(F = 4) =

= X(A)x0(F—nf)=f- 3 _X(f—nf)

This means that X* (f) is periodic in frequency and made of infinite replicas of X (f),

each centered at multiples of the sampling frequency fc; if we choose f. = 2W (i.e.,

equal to its minimum value), then X*® (f) appears as shown below L xo
Observe now that the filter has a frequency response | W W f
H(f) = F {sinc (fet)} = Lrecty, () e AW 0 o AW
f
i.e. it is an ideal low pass filter, letting only frequencies in °
the range (—fc/2,f/2) pass, so that | f
e only the spectral replica in X® (f) which is centered at  -2f, fe R c 2fc
f = 0 appears at the output of the reconstruction filter H(f)
Thus the signal y (t) will have amplitude spectrum Ve T f
-fe/2 fc/2
Y(f)=H(f)X*(f) = X (f) = X (f
(F) = H(A)X* (1) = 26X (F) = X (F) OO
which is perfectly equivalent to the original signal, but W W

reconstructed on the basis of its samples x (nT¢) only I
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What happens if sampling is too slow?

If the sampling rate f_ is less than twice the

signal bandwidth, i.e.
Ofc:%<2W(or Tc>ﬁ)

o the spectral replicas in X* (f) get closer

and overlap, as shown in figure

The phenomenon is called aliasing and if it happens
e the reconstruction filter is no longer able to isolate the replica centered in f = 0, thus
e the output signal y (t) differs from x (t)
e especially for the energy content in the higher frequency region

Anti-aliasing filter

fol2

fcl2

To avoid aliasing is mandatory to ensure that the signal to be sampled is
effectively band-limited below half the desired sampling rate

For this reason any signal to be
sampled is always filtered in advance,
to ensure that it does not contain
components at frequencies higher
than fc/2
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Now we talk about...

0 From sampling to quantization

@ Oversampling, decimation, reconstruction, interpolation
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Implementation aspects of sampling

In real implementations, some measures are taken to remedy aspects that are
unfeasible in practice

@ A first critical factor are the two analog filters [1] [2], the anti-aliasing and
the restitution one, which cannot be created as an ideal low-pass

> the sudden variation of the frequency response modulus leads to an
exaggerated complexity of the filters, as well as their cost and size

> it is instead simpler to create the analog filter with a transition region
between the pass band and the stop band with a non-zero extension

> or better yet, a digital filter that operates after A/D conversion can achieve
the effect of very severe band limiting, without incurring any phase distortion

> a non-ideal reconstruction filter leads to a reformulation of the interpolation
formula

@ Another critical aspect is the approximation with which Dirac pulses can be
emulated by electronic circuits

@ Finally, signal samples values must be quantized in order to be stored in
physical memories, requiring a trade-off between memory size and

quantization noise
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Oversampling and numerical decimation

signal to be X(f)
Instead of an ideal low-pass, we choose sampled .
@ to implement the analog anti-aliasing filter with a s W "‘ w wransition >
less steep transition region (2" row), and gzg;géa;/,g‘;’ Haa(f)/ region
@ to set the sampling frequency f/ to twice the H_L:l;—,_f,
H sampled -3W -W W 3w
passband, in the example equal to 3W, and signglf'c=6W X2(f
therefore f{ = 6W
J#\ JT\ Jel
-W w 6W

The sampled signal X;, (f) (without aliasing) is then  -6W

. . . Lo numeric filter Haa™™(f)
@ processed by a digital filter with periodic frequency |—| |—|
response HJY™ (f), with which ! fy
i . . . sampled signal )
@ a very narrow transition region is obtained with W bardmdih pEALT))
Now the digitally filtered signal X2, (f) (5 row) W f
i . sampled and deci- e
@ has the desired bandwidth W, and mated, fo = 2W X®(f)
@ its sampling rate can be reduced to the value f
fe = 2W, causing the aliases to get closer EX fo

@ by operating in the digital domain thanks to a decimator element of order L, which in our
example (L = 3) simply removes two out of three samples

Resuming: ﬁ)’l Haa(f) | »[S&H Xau(f) Hoa ™ (f) Xga"(f) T3 X®(f)
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Generalization of the reconstruction filter
There is no need for cardinals

Even the analog reconstruction filter cannot be realized as an ideal low pass!
The simple solution is

@ oversample the signal, that is, adopt a

sampling frequency f- = 2W’ > 2W greater A ttion it
« . 1 iti restitution Tilter

than the minimum, so that Togion

@ the spectral replicas are more spaced apart, fy
and therefore " X%

@ a non-ideal filter with non-negligible transition
region can still isolate the single baseband . L\
replica in X* (f) b W ww , "

fe

[ Since H (f) is no longer rectangular, its h(t) is not a sinc (f.t) !/ }

This means that now the interpolation formula no longer has a cardinal form, and thus
@ the interpolation sinc (f:t) can be replaced by any h(t), provided that

@ the corresponding H (f) vanishes before the spectral replica of the original signa
takes place
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Numerical interpolation before reconstruction
Also known as multi rate processing

This solution avoids oversampling, which would cause

@ an increase in computational complexity for all calculations performed in the
digital segment

The sampling rate f. is instead kept at the minimum value allowed by the
selectivity of the H2“™ (f) digital filter, but before reconstruction

@ the sampling rate f. is increased by an integer £, fo =K,
. ’ s —ey PR,
factor K, i.e. f{ = K - f. by means of a specific
numerical interpolator filter, or resampler numeric interpolator

@ that is, every two consecutive samples, other intermediate K — 1 values are
inserted in the middle, chosen on the basis of a calculation

@ in practice the interpolator evaluates the canonical formula (page 5) at
times t = mT/. where T, = Te/k

In this way the spacing between the spectral replicas is much greater, and the
specifications for the analog reconstruction filter become much less stringent
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Now we talk about...

0 From sampling to quantization

@ Approximation of impulses, A/D and D/A conversion
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Sorry Dirac, we only have short rectangles

Problem! It is not possible to generate x* (t) as we cannot forge ¢ (t) pulses; instead a
signal x° (t) is produced, using a Sample and Hold circuit (s&H) in fig. a)

a)

c)

s X h(t) 71‘1” XO(t) <Ic>
x(t) t
T (t)

b)
X X0
S2 T t
sample & hold I ‘E Tc > <
circuit

Sample & Hold T
@ s closes, and the input value x (t) is copied across the capacitor;
@ s opens, and the sample is copied at the output;
© s, closes after a time 7 < T, the capacitor discharges, and the output is canceled
These operations work as shown in fig. b), and the output is written as
x°(t)=>_ x(nT.) - rect, (t — nTc)
where a train of rect, replaces Dirac pulses (fig. c)). To evaluate the output of the low

pass reconstruction filter H (f) we can rewrite x° (t) as x° (t) = rect. (t) * x* (t) (see
the book, or fig. b)), whose spectrum is equal to

X° (F) = 7sinc (Fr) - X* ()
The approximation is thus equivalent to multiplying X*® (f)
by an envelope 7sinc (f7) which for 7 < T, doesn’t cause
major inconveniences as the zero at L moves far away.

Anyway, also for 7 close to T the alteration of the
baseband replica can be addressed
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A/D and D/A conversion

To complete the digitization process, all that remains is to go through the steps

@ from x°(n) to a quantized sequence x4 (n)
> which represents each sample value by a finite number of M bits and
> allows the signal to be stored, transmitted or digitally processed, after which

@ from x4 (n) to the pulses x°(n), necessary to regain the analog signal
These two processes are carried out by A/D and DAC devices, placed as shown
ana@i@gl

o n AD deci | on .
x(t) aliasing sample x°(2L—W) converter Xa’ mation XQ(W) trasmission,

filter
> W > hgld quantization b iL D storage or
bandwidth ’—b and encoding Mfa[;” Te = 1/(2W) processing
Te = 1/(2LW) sample

digital :analogic

M bit for n inter n reconstruction filter
sample Xdow) | polation DAC sample | Xq(5qw )| Hf) v
2W samples f K levels hold d ' —
forsecond  1¢ = 1/(2W) generator o~

To=t/ekw) 2——#
For the purposes of this presentation we will not delve into the topic of A/D and

DAC conversion, but for a general introduction there is always the book,
or try this (in Italian) - The original is now dead, thanks WayBack Machine! (please dona
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Now we talk about...

o From sampling to quantization

@ Uniform quantization, SNR
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Uniform quantization and binary coding

Let's split the function of an A/D converter as shown, where the samples

@ are first quantized by the function
Xq = Q (X), and then X quantizer Xq encoder d
@ are expressed (or encoded) by a sequence of —* “ihtlevels with Mbits - =m = >
M binary digits d = ¢ (xg) or bits X=Q d=clxg
We illustrate only the processing type called...

A 4

Uniform quantization The input x range, or dynamic Ay = Xmax — Xmin, is divided in
L = 2M intervals I, of equal amplitude A, = %, separated by L — 1 decision thresholds,

as shown for M = 3 bits. The curve x; = Q(x) is <—A,
represented as a staircase, and assigns the same decision
value xq (k) to all inputs x that fall in the same : thresholds
interval g, providing quantized values 7 \A\g
xq =8¢ ([25]+3) P
that (with respect to the red line expressing xq; = x), . TP S P P Ny Sy R

are exact only at the center of the interval, and within the same interval an error

€q = X — Xq occurs with a value between —24/2 and 24/2.

Binary encoding Given that with M bits we can describe the L = 2" binary
configurations corresponding to numbers ranging from 0 to 2™ — 1, on the right ther%
the correspondence of the codes d = ¢ (xq) that can be assigned to quantization level
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Signal to Quantization Noise Ratio

Maybe you can come back here after studying the theory of random processes, because
@ to continue with the quantization error analysis, we now add the hypothesis that
the sample x to be quantized is taken from a stationary ergodic process member,
with uniform d.d.p. and zero mean, or px (x) = A%rectAX (x)
Uniformly quantizing a signal x with dynamic A, using M bit/sample, i.e. L = oM
different quantized values, and postulating that the error ¢, = x — x4 also has a uniform
p.d.f., and that ¢4 is statistically independent of x, then

@ the signal and error power are X 4 original signal
2 _ A2
Py =05 = Tg and px(x)
P > ] 1 (Ax)2
ce=0e =T T 1 (T) ('
. . . uantized signal
@ the quantization SNR therefore is probability : 9
2 2 density
— Px _ A% (L) — 2 i
SNRq =5 =3 12 yw =L function R
€
. q
@ and given that L = 2", the SNR ,
measure in dB is Dsq(fq) A, quantization error

SNRy (M) 5 ~6- M dB

The quality of a uniform quantizer is measured by its SNRy [dB], which increases
linearly with the number M of bits/sample, with 6 dB increments for each
additional bit 3
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Now we talk about...

© Fourier transform of sequences and DFT
@ Discrete Time Fourier Transform or DTFT
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The reverse of the Fourier series
Discrete time, continous frequency, it’'s DTFT

Let us push to extreme the symmetry between
@ a periodic (in time) signal x (t) whose transform X (f) is made of impulses, and
@ a sampled signal x*® (t) whose transform X* (f) is periodic in frequency

Well, it can be shown that the periodic X* () is also obtained (check the book) as a
kind of Fourier series expansion

Xo (f) — Z:i,oo Xn e—j27rfnTc
in which the samples in time x, take the role of Fourier coefficients, and in fact they can

be obtained as ,
Xp = 716 f_?r;c X* (f) ej2'rrfnTC df
2

@ the first equality is known as the discrete-time Fourier transform or DTFT,
providing a X* (f) spectrum with period f. = =, equal to that of a band-limited
signal x (t) sampled at frequency f, of which the Xp = x (nT¢) values are known

@ the second equality is the inverse-transform (or IDTFT) capable of reproducing

the time samples x, starting from the knowledge of a period of X* (f)
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Properties of DTFT are as usual

Many of the properties already known for the Fourier series and transform
@ also apply here

@ with the difference of having the samples x, instead of the signal x (t)

so one can show that

@ conjugate symmetry for X* (f) holds when the x, are real

@ linearity: ax, + by, < aX*(f) + bY* (f)

o delay: x, j <= X*(f)e/2mfkTe

@ modulation: x,e/2™0"Te «—= X* (f — f)

@ convolution: z, = X, * y, = Zi‘i ooXkYn K = Z° (f) =X*(f)-Y*(f)
® product: z, = x, -y, <= Z*(f) = ¢ ffcff/z Y*(f —0)do

For simplicity the above rules are not proven, but

@ they are all exact equivalences
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Digital Signal Processing (DSP)

seems to be possible now

The listed properties allow you to perform operations such as spectral analysis
and filtering

@ without performing analytical calculations (integrals and transforms), but

@ instead working on the signal samples

@ with numerical algorithms running on specialized devices, and then

@ performing the D/A process to re-obtain a continuous-time result, as shown

analog sequence of. sequence of analog
signal samples digital samples signal
A/D —»|  signal DAC
processing

However

@ in the DTFT and its inverse (p. 21) there still appears a sum of infinite terms, and
an integral of a continuous function, while instead

@ digital signal processing can only perform sums on a finite number of terms, i.e. it
acts on sequences of finite duration

For this reason we tackle the next section, illustrating the solution that carries o
sampling also in frequency, reducing everything to signals of limited duration
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Now we talk about...

© Fourier transform of sequences and DFT

@ Discrete Fourier Transform: DFT and IDFT
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Both time and frequency are discrete, it’s the DFT

Wanting to keep both representations (in time and in frequency) in the form of a
sequence of length limited to N values, we can

[e']

@ calculate X* (f) = _xne 2TTe with f = mf for m=0,1,--- ,N — 1, and

n=—oo

@ limit the sum index n to a finite interval of N signal samples

getting the Discrete Fourier Transform or DFT
X = SN e 2757 with m=0,1,...,N—1
which is a scaled approximation of the samples of X (f) = F {x (t)}, i.e.

Xm ~ X* (f)|f:%fc = fC ’ Z(l:ifoox(f - ka)’f:%fc

Xo
S ORI LTPNNNEY SICTLLLLIN DFT values  os*" suursi il vsuannns®™""
'.': "'.’ XNiz1 XN '.': N "'.’
Ir. auns® : T hLLLT + suus® T = hLLLTY >
/2 0 fo/2 fo f
Oh yeah, it's just an approximation, but it's also exactly what you need
to be able to perform a short-time frequency analysis!
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DFT peculiarities

o

DFT (p. 25) holds for any m, and X, are periodic in m with period N, so that
m = N corresponds to the frequency f. = % according to the periodicity of X*® (f)

If the x (t) signal from which the x, samples are obtained contains frequencies

greater than %, then the X, with indices close to g will have an aliasing error

The X, with positive indices are all related to positive frequencies, but in general
we are only interested in indices 0 < m < %
> since, with real x, values, the property of conjugate symmetry holds, which,

together with the frequency periodicity, makes the values of the first half of
the DFT the conjugates of those for % <m<N

DFT can be expressed in matrix form: for example, for N = 4 we get
Xo 1 1 1 1 X0
o —j _i3m
X1 _ 1 e 2 e T e X1
X 1 e e g X2
X3 1 e % BT ¥ X3

the coefficient matrix is symmetric and can be precalculated

rows can be evaluated in parallel

DFT is a rotation and scaling of coordinates in a N-dimensional vector sp
DFT is reversible and can be inverted

>
>
>
>
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Exact results or not, here is the inverse DFT

The main source of discrepancy between DTFT and DFT is due to the
rectangular window applied to the signal samples to make the sum finite
@ check the book for
> a visual comparison of the obtained spectral estimate;
> the trick of getting an integer number of periods into the window;

> the relation between the X, values and the coefficients of the Fourier series
for the same signal window of length T

From a purely numerical point of view, however, the DFT has an inverse operator
(the IDFT) written as
Xy = % Z,I:/,;é Xm ejZTr%n
@ which returns exactly the x, values used to calculate the X, ones

@ for indexes , outside the interval [0, N — 1] the values x, given by the IDFT
are repeated with periodicity N

X0 Xo X0
X1 X1
= DFT = i = IDFT =

XN—1 Xn-1 XN—1
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Now we talk about...

© Fourier transform of sequences and DFT

@ Relationship between DTFT, DFT and zeta transform
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Zeta transform as an extension of the DTFT

The zeta transform of an unlimited sequence x, is a complex function

of the complex variable z, defined as [ X(2)=Z{xa}=> 1" _xpz " }

If the sum converges with |z| = 1, then
@ X (z) can be matched to the X* (f) (p. 21) of the same sequence x, by
@ setting z = ¢/, i.e. calculating X (z) on the unit circle:

X(e) =302 o xme " = X (2)| g = X* ()l

n=—oo

In T,
o if x, are samples of a band-limited (in X'()
+W) signal x (t) taken at rate f. > 2W it ; M , !
e then X(e/¥) is equal to X*® (f) after X(e®)
setting f = 5, that is by ) . o
@ matching the frequencies +/2 of o T Z:;xlm
X*® () with the angles +7 of X(e/*) e il M N0,

@ X(¢™) is periodic in w with period 27, similarly to X* (f) (with period f.)

@ if x, is undersampled (f. < 2W), then X(&/*) is also affected by aliasing
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Do we really need this X(e) thing?

Sometimes, frequency analysis graphs

@ are based on operations performed in the numerical domain, and

@ indicate the maximum frequency % as m, or %
In these cases we talk about normalized (or digital) frequency, and the sampling
frequency f. is indicated separately

@ otherwise on the abscissa scale we should only report the indices m of the
sequence Xp,, typically between zero and % -1

@ which only give information on how many points were used for the DFT calculation
A similar approach is even more appropriate

@ when the sequence x, does not derive from a sampling operation, but

@ is a signal that originates in numerical, or even symbolic, form

@ this is the case of DNA spectral analysis (see slide set #6), which can play a role
in the localization of coding regions

Finally, adoption of the representation offered by the zeta transform

@ during the design phase of numerical filters allows to associate their analytical
characteristics with architectural ones
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Exponential sequence and its zeta transform

Let's evaluate the zeta transform of the sequence
. { a” ifn>0
"7 1L 0 otherwise

@ whose aspect for a = 0.7 is shown on the right

@ with a zeta transform X (z) = > a"z"" equal to
X (Z) = ?1271 (it's the geometric series)

. o cylinder IX(2)!
The expression for | X (z)| exhibits a pole of unit radius ‘

at z = a which gives X(z = a) = o0

To get X(e*) through this path we need
to evaluate X(z) with z = &/, which is -
like to cut X (z) with a cylinder of radius immiz) ** T35
one as shown, resulting in

PENWRUON®O

jw\| — 1
|X(ej )| B 4/ 14+a2—2acosw

that is, the DTFT module of the
sequence a", also shown for —m < w < 7
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Are samples of X(e’¥) equal to the X, of DFT?

If X(e/*) is sampled by setting w = 2w with m=0,1,..., N — 1, then we obtain a
periodic sequence (in frequency) with values

Xn = P Xpe TR = X(ef“)|w:2ﬂ% = X* (f)|f:fc%
which coincides with the sequence X, obtained by DFT (25) of a sequence x,
@ if the sequence x, has a limited duration < N

On the other hand, you can apply IDFT to a period of the sequence X, and obtain a
new sequence of values in time, also periodic, expressed as

o = 3 TN e
which coincide with the samples of x (t) only if
@ x(t) has a limited duration T < NT. (the window length), that is,

@ N is large enough so that NT. spans the entire duration of x (t), and the zeta

transform can be reduced to the sum of a finite number of terms
> but: also consider that a time-limited signal cannot also be band-limited! [1] [2]
> this would imply that the time limitation prevents sampling, but
* if N is large enough so that NT. > T, aliasing will not be a problem

Temporal Aliasing This phenomenon occurs when x (t) has a duration greater than

NT., i.e. when X (z) is sampled on a too small number of samples, and causes
% = IDFT {Xon } # xn
@ but seek into the book for a graphical interpretation of this
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https://forum.allaboutcircuits.com/threads/signals-that-are-band-limited-are-not-time-limited.85244/
https://en.wikipedia.org/wiki/Bandlimiting#Bandlimited_versus_timelimited
https://teoriadeisegnali.it/libro/html/libro-4.5.html#toc-Subsection-4.5.1

Putting everything together

This drawing summarizes the relationships linking the Fourier transform of

band-limited signals to its samples and related DTFT, and also illustrates
the relationship between DTFT, DFT, and zeta transform

analog signal Fourier transfor
bandw. (ww) X() — 3 X(f)

| ourier antitransf.
sampling low
_ pass
t=nlc Te<l/2W and multiply by Te
nfini DTFT .
infinite -— > . eriod
sequence,.~ XN  €—————% X(f) v.. f=pf =1/T,
| Fourier series | o C c
window of sampling
N samples f=mfe/N m=01.N-1 ",
zeta transf. v D

DFT
period N [X,] ———2 [Xy] periodN |
IDFT o =2rfTg
sampling
o =2m/N m=0, 1..,/\{;7"

\_‘ 7= ei“’ ‘

period
X(z) —E=%—> X(o) T percd
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Fast Fourier Transform
Cooley and Tukey, 1965

It is a class of algorithms for computing an N—points DFT (or IDFT)
@ using a much smaller number of operations

@ making digital signal processing computationally feasible

In practice we go
e from a complexity proportional to N2
@ to one equal to Nlog, N

For example in the case of N = 1024, there is a

10)2
° (13220 = 2'°/10 ~ 100—fold improvement in efficiency!

This results is in principle valid for N equal to a power of two, but

@ other methods have subsequently been identified that allow

comparable efficiency even for any N
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https://en.wikipedia.org/wiki/Cooley%E2%80%93Tukey_FFT_algorithm

Programming resources

Before being able to write programming code, it's a good idea to study code written by
others to solve similar problems. In order not to weigh down this presentation, preferring
instead to continue with the deepening of the many topics that we still lack, sites and
resources are now proposed on which to experiment on your own

@ Signal Processing Basics - Part of a German Neuroimaging course, a Python
Colab notebook which covers the topics of dot product, convolution, Fourier
transforms, and filters. For starting the interactive session, click on the rocket on
the top

@ DSP Theory and Computational Examples - Some didactically edited Python
Jupyter notebooks that introduce basic concepts of Digital Signal Processing as
spectral analysis, random signals, quantization, and filtering. The interactive
session begins by following the instructions provided on GitHub page

@ Over the years | have developed some Octave code (OpenSource equivalent of
Matlab) which addresses several aspects of what has been discussed up to now
and in the sequel. The material is illustrated in a PDF, and can be downloaded in

full on your computer using this zip file, or by visiting the relevant web index
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https://dartbrains.org/content/intro.html
https://dartbrains.org/content/Signal_Processing.html
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Now we talk about...

© Fourier transform of sequences and DFT

@ DFT as a filter bank
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DFT as a filter bank

N-1_ _iopm
The values Xp, = 5 xne 127%n of the N—DFT of a sequence x,

are equivalent
to the decimated output of N filters, each described by an impulse response
hm(n) = ejzw"m'n with m,n:O’l,... ,N—l

@ decimation occurs at a rate equal to the separation of
the windows (overlapping or not) < Nsamples—>

@ only the real part of hy, (n) is shown

@ each filter hy, is of the band-pass type, with the
frequency response module in the shape of a sinc
centered at the digital frequency 2%} (see the book
for further details)

this is [wiels)|

form= %

Corresponds
to 13 dB

: o
2/ 3 2n

@ a more specific filter design can achieve a more selective frequency response
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https://teoriadeisegnali.it/libro/html/libro-4.5.html#toc-Subsection-4.5.4
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Now we talk about...

© Numeric filtering
@ Batch or real time?
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Filtering approaches and processing modes

There are two ways to perform filtering: time convolution and frequency product

@ for both you can work directly on the signals samples, but
@ depending on the duration of h(t):

with a long h(t) (h, has many samples) \ with shorter h(t), as well as When\

. . complexity is not an issue
e it may be computationally preferable to plexity

operate in the frequency domain o it may be more efficient to

compute the convolution in the time

e the operands are transformed, the domain

transforms multiplied, and the result

. e in this case the Z—transform of h,
anti-transformed

takes on great importance, because
e this is called batch processing because

- - . @ in this way the frequency response
even if h(t) has a finite duration, x (t) may

can be described in terms of a

not, and so we need to work on signal ratio between polynomials
windows, using some tricks @ an infinite-length h(t) can also be
kbut it also introduces a time delay! / implemented
e the advantage is real time
Let's start with batch processing Qrocessing

IS5
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Now we talk about...

© Numeric filtering

@ Discrete and circular convolution
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Discrete Convolution

Given two signals x (t) and h(t) limited in band between —W and W
@ their convolution y (t) = x (t) x h(t) is also band-limited, and

o the resulting samples y, = y (nT¢) (with Tc < 51;) can be calculated
(proof in the book) from those of x (t) and h(t), as

yn=Tc Z Xichn—k

k=—00
Xn

If the sequences x,, and h, have finite duration of N
and M samples respectively, then o2 4 580

@ a sequence y, with duration N+ M — 1 will be

obtained 0o 2 4 6 8 0

Yn
on the rigth, the result of a discrete convolution of

two signals with different length Eg—'—zLLUjG—LBLﬁO
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Circular convolution

Given two sequences x, and h, with duration N, the product Y,, = X,H, of the
respective DFT

Xm = ZIIY:_OI Xne_ﬂﬂ'%n and Hp = Z,,:I:_ol hne_j%-%n
has an antitransform ¥, = IDFT{Y,,} which is periodic over n with period N, and
equal to

Vn= 2212—01 ;<p/~7n—p
where X, and h, are the periodic sequences with period N obtained by infinitely
replicating the original sequences x, and h,

@ This is called circular convolution as we can imagine the sequences x, and h, glued onto

two concentric cylinders, and the sum performed on the products of coincident elements

On the left we can see that circular

convolution, considering a period E EX"

N = 6 for both sequences, gives a T T?JT Troe hﬁ ?Th? A?Thf ?Thm
different result from the desired one peFoEee st s 0 5o
At the right we appreciate that the g I. HH . NH .
correct result is obtained if both PP PO
sequences are zero-padded up to a E T I T H E T H T T H T T H

length equal to the sum of their Paara— 6 a o e e e
lengths
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Now we talk about...

© Numeric filtering

@ Convolution of signals via DFT
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Batch processing via overlap and add

After solving the problem for sequences of finite duration, we illustrate how to perform
the discrete convolution even when one of the two sequences has unlimited duration

Consider a sequence h, of length M

split the input sequence x, into frames of length L > M, each padded with M — 1 zeroes
pad h, with L — 1 zeroes

for each frame perform a circular convolution by DFT multiplication, among the (padded)
h, response and the x, frames (the causes), obtaining a series of effects y;, with length
L+M-1

overlap in time the effects of all the padded frames

sum together all of those

q L L L L

X X

T e
n " n " n

M- :
xqg hy ]

hn E ' —////
M L1 i il
gl = N 7/ //
DFT, multiply, and IDFT v M
L 1, 1 N E—/ -/ _—),
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