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Overview
Summary of the presentation

This set of slides covers the contents of Chapter 1 in the Signal Basics book

After a brief introduction about the (co)domains of signals, on the family of
Fourier analyses and on the relationships between impulse response, convolution,
frequency response and filtering, different classes of signals are defined, based on
their time and asymptotic behaviour, and some notes are provided on common

operations performed on signals, and on graphs of their combination

The exposition continues by illustrating the more commonly used signals,
followed by a review of complex algebra, and the role

of complex exponential in frequency analysis

Since signal processing is typically implemented as the transit of the signal itself
through a linear operator, the characteristics of the latter are explained,

and therefore the differences compared to non-linear systems
are highlighted
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Analog and numeric signals

The value of a signal can be real or complex numbers
Either the value or the independent variable of a signal

▶ can take continuous or discrete values

providing four possible classes that a signal can fall into
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R R s (t) analog signal
R Z sq (t) quantized signal
Z R s•

n sequence of samples
Z Z sn numerical sequence

R = real numbers, Z = integers - see Wikipedia
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Frequency representation of analog signals

The frequencies contained in an analog
signal are obtained by means of a Fourier
transform -> a linear operator
The difference between the minimum and
maximum frequency values is the signal
bandwidth
When the intensity levels vary over a high
dynamic range, they are expressed in
decibels. Not sure what dB means? Try
looking here

Speech signal

Power density in dB

40 msec time interval

frequency 0 - 4000 Hz
-100

-50

0

50

Depending on the class to which s (t) belongs, the transform is expressed
using one of its different formulations, which are

▶ a Fourier series for the representation of periodic signals
▶ a Fourier transform for energy signals
▶ a power density spectrum in the case of signals of indefinite duration
▶ for a numerical sequence sn with finite length we obtain a DFT
▶ for a sequence of samples s•

n we obtain a DTFT
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Signal transit through physical systems
Impulse response, convolution, frequency response and filtering

Let’s continue with the introduction of the basic concepts

Impulse response h (t) is a signal representing
the output of a physical system when a
particular mathematical abstraction, the unitary
impulse δ (t), is put at its input

impulse impulse
response

tt

physical
systemδ(t) h(t)

Convolution - it allows to calculate the output of a system for any input by
evaluating the convolution integral, which operates on the expression of the input
signal, and on that of h (t)

Frequency response - The Fourier transform of the impulse response is called
frequency response and illustrates how the system reproduces at its output each
frequency present at the input

Filtering - Since the frequency response indicates which frequencies will pass
amplified, unaltered or attenuated, the transit of a signal through a physical
system is also defined as its filtering, and the system is said to be a filter
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Random signals
We can think at signals and sequences as deterministic entities, that is,

whose analytical expression, or recorded waveform, is completely known
On the contrary, a communication system must work equally well for

all possible signals belonging to the same class, even if
defined solely from a probabilistic, or rather statistical point of view, as
happens for random signals belonging to the same stochastic process

Autocorrelation and power density
They indicate two types of intimately connected signal functions, of which

the first dependens on time, and the second on frequency
the power density is equal to the Fourier transform of the autocorrelation

Both can be defined for certain as well as for random signals, thus
allowing their treatment in a unified way, for the purposes of a spectral
estimation
poorly correlated processes have a constant frequency distribution (white
spectrum), while
when the power is distributed unequally in frequency the process is strongly
correlated, and its spectrum is said to be colored
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Communications point of view

In communication links
the signal to be transmitted is thought of as being produced by a source
the object that allows its delivery to the recipient is indicated as a channel
noise is typically present at the channel output, which deteriorates the
quality of the information received

source              channel                           destination

SNRnoise

transducertransducer
transmission

medium

CHANNEL

the channel is made of a real and physical transmission medium (such as
copper), plus interfaces at its ends such as microphones, antennas...

▶ it is an analog channel as it carries signals of this nature
this kind of transmission is said to be analog, too
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Digital transmission
The elements of a numerical sequence sn flow at regular time intervals of Ts
second (the symbol period), or at a fs = 1/Ts symbol frequency

their values are drawn from a symbolic alphabet A, for example, the letters
by which a text is written, or some binary code

Between the numerical source and the destination there is a numerical channel,
which houses the analog channel, which is in turn based on a transmission
medium

+numerical

source
mo(dem)

analogical

channel
(mo)dem

numerical

destination

mo

dem

half-duplex full-duplex

Pe

numerical channel

n(t)

sn s(t) r(t)

fs

sn

The modem is the device that generates an analog signal s (t) suitable to be
transmitted by the analog channel, and which samples the values it receives,
re-associating them to the alphabet A

▶ a laser for fiber optic transmission, or electronics for cable and wireless
Noise at the channel output may produce errors at the
numerical channel output
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Source and channel coding

In general, two other operations are usually performed on the sides of the
digital channel

source coding and
channel coding

which aim respectively at
reduce the bit frequency f ′

b < fb without loss of information
augment the bit frequency f ′′

b > f ′
b in order to protect the message from the

errors

numerical

source

source

encoding
channel

encodifng
numerical

channel

channel

decoding

source

decoding
numerical

destination

fs                       f's < fs                  f''s > f's                     Pe                     P'e < Pe 
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Sampling and quantization
Finally, an analog source can be transmitted (or recorded) digitally after
undergoing an analog-to-digital (A/D) conversion, which in turn is
decomposed as

a sampling process which
▶ measures the samples s•

n of the signal s (t)
a quantization process that

▶ approximates the continuous values of s•
n with the symbols of an

alphabet A with size L = |A|, producing the symbolic sequence sn

distortionA/D conversion
fc

analogical

source

source and

channel

encoding

numerical

channel
DAC

analogical

destination
Q(.)

channel

and source

decoding

sn sns(t) sn

eq(t)

sampling occurs at a rate of fc samples/sec, while
binary coding of sn requires M = ⌈log2 L⌉ bits/sample, so that

▶ the bit rate is fb = fc · M bits/sec
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Mean value

The limit of the temporal average s̄τ = 1
τ

∫ τ/2

−τ/2
s (t) dt of the s (t) signal

values
evaluated over a finite time interval τ , with τ approaching infinity, i.e.

s̄ = lim
τ→∞

1
τ

∫ τ/2

−τ/2
s (t) dt

which is expressed in the same units of s (t)

I found some math animations [1] [2] [3] [4]

1.5

1.0

0.5

0

-0.5

t

mean
value

A cosinusoid with an
average value 0.5.

The mean value s̄ is also called continuous component, and

any signal can be decomposed as s (t) = s0 (t) + s̄ where s0 (t) has zero
mean
if s (t) is a constant signal equal to A, then s̄ = A and
the term s0 (t) is null
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Even and odd symmetry

A signal can be even only or odd only, as shown in the figure
even
signal

odd
signal

t t

it’s evident that se (t) = se (−t) and so (t) = −so (−t)
any signal can be decomposed into the sum of two terms

s (t) = se (t) + so (t)
in which se (t) and so (t) respectively are its even and odd parts, with
reference to the instant t = 0
necessarily, a odd signal has zero mean value
the product of

▶ two odd signals (or two even ones) gives an even signal
▶ an even signal and an odd one gives an odd signal
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Causality

identifies the condition expressed as s (t) = 0 with t < 0

t

causal

t

anti-
causal

in the opposite case (s (t) = 0 for t > 0) the signal is said to be
anticausal
if s (t) ̸= 0 for both t < 0 and t > 0, the signal is said to be
non-causal
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Periodic signals
They repeat themselves cyclically

The minimum time interval T that elapses
between two identical copies is called the period,
and a signal is periodic iff

t

T

s (t) = s (t + T ) implying that s (t) = s (t + nT ) with integer n

The mean value of a periodic signal can be calculated as
▶ s̄ = 1

T
∫ T/2

−T/2
s (t) dt, or also

▶ s̄ = 1
T

∫ a+T
a s (t) dt for any choice of a

Any real and periodic signal can be represented in terms of a Fourier series,
as a weighted sum (with weights Sn) of infinite terms of the type
cos

(
2π n

T t + φn
)

with n = 0, 1, · · · ∞, ie

s (t) =
∞∑

n=0
Sn cos

(
2π

n
T t + φn

)
A signal which is not periodic is said to be aperiodic
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Power signals

These are signals whose values are different
from zero for t → ∞, but that neither diverge

power signal

t

the power attribute comes from physical roots, given in the book
▶ the mean power absorbed in a T sec interval by a 1 Ω resistor with a

v (t) voltage applied to its ends is PT = 1
T

∫ T/2

−T/2
v2 (t) dt

[
Volt2]

by letting T → ∞ we obtain the definition of power of a generic
signal s (t) such as

Ps = lim
T→∞

1
T

∫ T/2

−T/2
|s (t)|2 dt

also applicable to the case of complex signals s (t) by writing
|s (t)|2 = s (t) · s∗ (t) where s∗ (t) is the conjugate of s (t)

random process members are power signals
In theory, the Fourier transform is not defined for power signals, but
there are ways to obtain it anyway
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Energy signals
A (real or complex) signal s (t) is an energy signal with energy Es if
lim

t→∞
s2 (t) · |t| = 0, so that the integral

Es =
∫ ∞

−∞
s (t) · s∗ (t) dt

converges to a number less than infinity
The set of all the energy signals is a vector space known as L2 space
The Es value gives a measure (called norm) for its elements s (t) and induces a
metric, and therefore a topology for the space, i.e. one can measure the distance of
a signal x (t) from another y (t) as

d (x , y) = Ex−y =
∫ ∞

−∞ (x (t) − y (t))2 dt
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bilateral exponential pulse; gaussian pulse
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Impulsive and limited duration signals

Impulsive signals
They are energy signals that tends to zero faster than 1

t , so that∫ ∞

−∞
|s (t)| dt < ∞

Limited duration signals
They are null for t outside a finite interval [t1, t2], and also are impulsive
and energy signals

-0.5
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rect4(t-6) sin(10 t)rect4(t-6)

tt
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rectangular pulse between 4 ed 8; truncated sine wave
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Mean values of numerical and random sequences
The values of the time averages are also defined for numerical sequences sn, of
the same type as those just introduced

Mean value s̄ = lim
N→∞

1
N

N/2∑
n=−N/2

sn

Energy Es = lim
N→∞

N/2∑
n=−N/2

s2
n

Power Ps = lim
N→∞

1
N

N/2∑
n=−N/2

s2
n

Random sequences
When the values sn are to be considered random, the mean s̄ defined above
converges (as N → ∞) to the expected value ms , and the power Ps to the
second order moment m(2)

s , related to variance σ2
s and ms by the relation

m(2)
s = σ2

s + (ms)2
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Summing up

An impulsive signal is an energy signal;
A limited duration signal is impulsive, and also an energy signal;
A periodic signal is a power signal and not an energy signal, since its
energy is infinite

power signals

periodic
signals

zero power signals
energy signals

impulsive signals

limited duration
signals

Set vision for the different signal classes
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Frequency content and bandlimited signals

The spectral content of a signal tells how the total power (or energy) is
distributed over a set of frequencies

A frequency is the inverse of a time, i.e. how often something happens
▶ sinusoidal signals are the only ones made of only one frequency
▶ Example A sine wave with a 50 msec period

⋆ has a frequency f0 = 1/0.05 = 20 cycles/second, and
⋆ is expressed as sin (2πf0t) with f0 = 20 Hertz (Hz), meaning that
⋆ when t = 0.05, 2πf0t = 2π, and the sine wave has completed one cycle

Bandlimited signal
When a signal contains only frequencies within a finite interval (the
bandwidth) it is said to be bandlimited
Bandwidth limitation is a necessary condition for an analog signal to be
sampled e quantized
A signal cannot be limited in both frequency and time at the same time

▶ but in practice this does not hinder its numerical processing

Alessandro Falaschi Signals and Systems Signal Processing & Inform Theory



Now we talk about...

1 Nature of signals and transmission methods
Analog and numeric signals
Communications point of view

2 Signal properties, classes and operations
Signal properties
Signal classes
Operations on signals (and the resulting graph)

3 Frequently used signals
The quite simple ones
Complex numbers
The complex exponential as an analytic extension

4 System characteristics
Linear and permanent (or time invariant) system
Non-linear systems

Alessandro Falaschi Signals and Systems Signal Processing & Inform Theory



Multiplication by a constant, time shift, inversion
Multiplication by a constant y (t) = a · x (t) makes an amplified (if
|a| > 1), attenuated (|a| < 1) or up side down (a < 0) copy of x (t)
Time translation Replaces x (t) with a second signal y (t) which is an
early or late copy by a time-shift τ , written as

anticipation y (t) = x (t + τ): makes y (t) to move left
delay y (t) = x (t − τ): makes y (t) to move rigth

▶ Hint: think that if a train is late it means that it has not yet arrived,
and therefore (its arrival) has gone forward in time, or in the future

Inversion Means to rotate the signal with respect to the ordinate axis, and
it written as y (t) = x (−t)

x(t)

t

x(-t)

t

T-T 0

T-T 0

x(t+T)

t

x(t-T)

t

T 2T-T 0

T 2T-T 0

x(2t)

t

x(t/2)

t

T 2T-T 0

T 2T-T 0-2T

-2T-2T

-2T

Inversion, translation and scaling operations
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Time scale change and change of variable
Time scale change Means to compresses or expand the graph, and is
expressed as y (t) = x (αt)

We obtain a compression for α > 1, or an expansion for α < 1
▶ Hint: if α > 1 then a small variation of t makes a larger variation for αt

Change of variable Although also the previos cases fall in this definition, let’s
now examine a combination of the single operations illustrated up to now

to arrive at the result it may be useful to apply single operations one at a
time, by modifying the expression of the argument. As an example take

y (t) = s (αt + β)
the argument can be put in the form s (α (t + β/α)), so that we can first
anticipate s (t) of the quantity β/α, and then alter the timing by α

▶ Hint: putting t = −β/α gives y (t) = s (0), and with t = 0 gives y (t) = s (β)

t

s(t)

t

s(t + β/α) s(αt + β)

t
-β/α

α > 1

-β/α
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Change of variable - 2

A variant occurs by setting α = −1 thus obtaining

y (t) = s (−t + β) or y (t) = s (β − t)

in this case the advance β/α = −β actually turns out to be a delay equal to β

then the alteration of scale α = −1 actually corresponds to an inversion
finally obtaining the result reported below, which we will find again in the
study of convolution and matched filtering

t t t

s(t) s(t - β)

β

s(β - t)

ββ

Hint: putting t = β gives y (β) = s (0), and with t = 0 we obtain
y (0) = s (β)
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Combination of signals
Signals x (t) and y (t) can be added, after any amplitude alteration, giving

z (t) = a · x (t) + b · y (t)

which is a linear combination of the starting signals
if a pair of signals belongs to the same class, the sum also belongs to that
class

▶ in the sense that the class has the algebraic structure of a vector space

Obviously also the product x (t) · y (t) is defined
but in general the result no longer belongs to the starting class

▶ for example, the product of periodic signals with the same period also
generates frequencies equal to the sum and difference of the harmonic
frequencies present in the original signals

▶ in fact, with a simple calculation we observe that
sin (2πfot) ∗ sin (2πfot) = 1

2 − 1
2 cos (2π2fot) has

⋆ a continuous component (i.e. at f0 − f0 = 0 frequency), plus
⋆ the doubled frequency f0 + f0 = 2f0

Alessandro Falaschi Signals and Systems Signal Processing & Inform Theory



Drawing a signal graph and tools

If we are not sure of the result, nowadays we can use many drawing tools
that are fortunately available, such as for example Gnuplot, Octave,
Geogebra, Genius, not to mention Matplotlib and its progeny

But it can be a nice attitude to be able to build the result by hand, such as
draw the cartesian axes on a graduated scale compatible
with the values of the signals, indicating the identity of
the independent variable, and that of the signal to be
graphed;
draw a second axis system below the first, aligned and
in the same scale, on which to draw the second term of
the sum or product;
perform the sum (or product) between the values of the
two signals for all the values of the independent
variable, and return the result to a third graph, aligned
with the first two

y(t) =  cos(2πt/T)
t

T-T

x(t) =  rectT(t)
t

T-T

z(t) =  x(t)+y(t)

t
T-T

z(t) =  x(t)  y(t)
t

T-T
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Sinusoid

An odd periodic signal expressed as s (t) = sin (2πf0t), in which only the
f0 frequency is present. The same waveform is also obtained by delaying a
cosine wave by a quarter of a period T = 1

f0 , given that

sin (2πf0t) = cos
(

2πf0t − π

2

)
= cos

(
2πf0

(
t−π

2
1

2πf0
))

= cos
(
2πf0

(
t−T

4
))

Ultimately, a sinusoidal signal can be
described indifferently as a sine or cosine,
with an appropriate delay term, linked to
the phase of the signal
The sine and cosine derive from the
expression in Cartesian coordinates of the
position of a material point animated by
uniform circular motion, ie that rotates on
a unit circle with angular velocity

ω0 = 2πf0 radiants/second

sin(2πf0t)

t

cos(2πf0t)

t

T

T
4

T
2

1
f0
=T

T
4

T
2

T
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Cardinal sine
The name came from its use in the
context of the sampling theorem, and
is defined as

sinc (t) = sin (πt)
πt

It is a particular way of writing the
ratio sin(x)/x known in analysis courses
as an application example of de
l’Hopital’s theorem, which
demonstrates lim

t→0
sinc (t) = 1

1.0

0.5

0

-0.5

-1.0

t

sinc(t) sin(πt)
1
πt

-5 0  1  2  3  4  5  

The drawing shows its behaviour, together with sin (πt) and 1
πt

▶ having expressed the sine argument as πt we obtain that
⋆ sinc (t) passes through zero in correspondence with integer values of

the argument t, that is for t = 1, 2, · · · , n with n integer
▶ Its importance in signals theory comes from the fact that, as we will

see, sinc (f ) is the Fourier transform of a rectangle, and vice versa
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Rectangle, triangle, sign

Rectangle It’s a signal of finite duration whose value is one
around the origin and zero outside, expressed as

rectT (t) =
{ 1 with |t| < T/2

0 elsewhere
where the subscript T indicates the width of the interval

rectT(t)

t

T

1

Triangle Its usages are similar to these of the rectangle, but its
amplitude varies linearly as shown. It is defined as

tri 2T (t) =
{ 1 − |t|/T with |t| < T

0 elsewhere

tri2T(t)
t

T

1

Sign Defined as

sgn (t) = t
|t|

or sgn (t) =

 1 for t > 0
0 for t = 0
−1 with t < 0

often used not as a signal in itself, but applied to the value
of a second signal:

▶ for example sgn (cos (t)) will produce a square wave

sgn(t)
1

-1

t
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Exponential

The function ex of the real variable x has a very special
role in math analysis, due to the fact that it is the
derivative of itself, and therefore it is a solution of
differential equations of the type df (x)

dx = kf (x)
for this reason a capacitor C discharges on a resistor
R with a voltage law v (t) = V0e−t/τ with τ = RC
(but the example is here only for the time inversion)

-2 -1 0 1 2

ex6

4

2
x

τ
t

v(t)=Voe
-t/τVo

α

But.. what’s more about the e = 2.71828... number?
Both the succession xn =

(
1 + x

n
)n and the series f (x) =

∑∞
n=0

xn

n! converge
to ex as n → ∞; maintaining validity also for a complex argument z in place
of a real x , making the function

w = ez

a conformal map which maps any complex number z = x + jy to a different
complex number w = u + jv
Fourier analysis is full of complex exponentials, so let’s look at complex
numbers now
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Complex numbers
From genesis to revelation (it’s none of that)
The imaginary unit j was introduced in ’500 as j =

√
−1, so that

j2 = −1, and the equation x2 + 1 = 0 can have the two roots j and −j; but
only in the 19th century was the complex plane defined, explaining things

Rectangular representation
A complex number x consists of a pair of real numbers a and
b named its real and imaginary parts, written as

x = a + jb = ℜ {x} + jℑ {x}
corresponding to a point laying in the complex plane

x

complex
plane

Re

Im

a

b

Sum
Adding two complex numbers x = a+ jb and y = c + jd gives

x + y = (a + c) + j (b + d)

+x

y
x y

parallelogram rule

Conjugate
The number x∗ = a − jb is the conjugate of x , and we can write

x + x∗ = 2a = 2ℜ {x} and x − x∗ = 2jb = 2jℑ {x} x*

ReIm

a

-b
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Complex numbers - 2
Product
The product of x and y gives

x · y = (a + jb) (c + jd) = (ac − bd) + j (ad + bc) (but see page 41...)
Inverse
The reciprocal of a complex number is evaluated as

1
x = x∗

x ·x∗ = a−jb
(a+jb)(a−jb) = a−jb

a2−(jb)2 = a
a2+b2 − j b

a2+b2

Polar coordinates
Trigonometric relations a = |x | cos φx and b = |x | sin φx valid for a
right triangle allow us to write a complex number x as

x = |x | (cos φx + j sin φx )

|x |

𝜑x
a

b

where |x | =
√

a2 + b2 is the module of x (it’s Pythagoras!) and
φx = arctan b

a is the phase or argument of x , or φx = arg {x}
▶ because b

a = |x | sin φx
|x | cos φx

= tan φx (but please note)

it is evident that |x |2 = a2 + b2 = x · x∗

by virtue of the periodicity of sin and cos, two complex numbers with the same
modulus but phase that differs by multiples of 2π are indistinguishable
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Euler’s formula
... or the exponential representation that links complex numbers to sinusoids

Euler’s formula
A further step forward comes from the Euler’s formula identity

e±jφ = cos φ ± j sin φ

which gives the complex exponential representation for an
unitary module complex number u = cos φ ± j sin φ

𝜑

u

| |u =1

Re

Im

cos 𝜑 1

sin 𝜑 

unitary
circle 

Exponential representation of sinusoids
Based of Euler’s formula we find that

cos φ = ejφ+e−jφ

2 and sin φ = ejφ−e−jφ

2j

Exponential representation of a complex number
By appling Euler’s formula to any complex number expressed in polar coordinates
x = a + jb = |x | (cos φx + j sin φx ) we obtain that it can written as

x = |x | ejφx

which is called its exponential representation,
with module |x | =

√
a2 + b2 and phase φx = arctan b

a
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Product of complex numbers, revisited

Thanks to the exponential representation of two complex numbers
x = |x | ejφx and y = |y | ejφy

we get
z = x · y = |x | ejφx · |y | ejφy = |x ||y | ej(φx +φy ) = |z | ejφz

in which
|z | = |x ||y | and φz = φx + φy

so that we can state the

Complex numbers product rule
The product of complex numbers gives a new c.n. with

a module which is the product of modules, and
a phase which is the sum of phases

Needless to say, a ratio of two c.n. has a module which is the ratio of
modules, and the phase is the phases difference
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Complex exponential

Now let’s go back to the complex exponential w = ez and do some
reasoning

The equality ez+s = ez · es is valid also for z and s complex numbers, so
that w = ez = ex+jy = ex · ejy = ex (cos y + j sin y)
since x is the real part of z , we observe that when
the imaginary part y of z is null, the well known
exponential of a real variable x is found -2 -1 0 1 2

ex6

4

2
x

for this reason the complex exponential ez is called the analytic continuation
of the exponential of the real part x of z

To have a clearer idea of the values w = u + jv = ez = ex · ejy assumed by
w while z varies, the only possibilities we have are

represent separately the surfaces described by its real u and imaginary v
parts as a function of (x , y), or
draw the surfaces described by its module

∣∣w ∣∣ and phase arg {w}
▶ as I did with Genius!
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Complex exponential surfaces
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Surfaces corresponding to the Re and Im parts for a c. exponential u + jv = ex+jy :
on the left the real u and imaginary v parts,
on the right the corresponding module

√
u2 + v2 and phase arctan (v/u)
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Complex exponential for an imaginary argument

Since the complex exponentials used in Fourier analysis are entirely
imaginary, that is, of the type

ej2πft

as f or t varies, one can think that their values are obtained by cutting the
previous surfaces along the purely imaginary axis (y in the figures, i.e. by
setting x = 0)

In this way we can appreciate how
▶ the real and imaginary parts of ej2πft go respectively as cosine and sine
▶ as predicted by the Euler’s formula, now written as

ej2πft = cos 2πft + j sin 2πft

the ej2πft modulus is constant and equal to one, and
the ej2πft phase increases continuously with a constant slope

▶ but the phase re-enters from π back to −π, since two complex numbers
differing only by a 2π phase are indistinguishable, as already noted
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Exponential notation for the imaginary unit
Starting from j =

√
−1, the following cyclical equalities hold:

j2 = j · j = −1
j3 = j2 · j = −j
j4 = j3 · j = 1
j5 = j4 · j = j

j6 = j5 · j = −1
j7 = j6 · j = −j
j8 = j7 · j = 1
j9 = j8 · j = j

... and so on ...

which evidently
correspond to a path around the unit circle drawn on the complex plane

Since applying Euler’s formula we get ej π
2 = cos π

2 + j sin π
2 = j

the above equalities can be written as
j = ej π

2

j2 = ejπ

j3 = ej 3
2 π

j4 = ej2π

or jn =
(
ej π

2
)n = ejn π

2 with n positive or negative

i.e. multiplying a complex number by the imaginary unit j
causes it to rotate counterclockwise in the complex plane
by an angle equal to π

2
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Superposition law of effects and stationarity

Any linear transformation T [.] applied to an input signal x (t) to obtain
an output signal T [x (t)] = y (t) can be thought of as

the transit of x (t) through a linear and permanent
(or time invariant, or stationary) system,
abbreviated as an lti system

LTI
system

x(t) y(t)

Linearity
The more evident aspect of this feature is known as the superposition of effects
law, which can be witten as

T
[∑

iaixi (t)
]

=
∑

iaiT [xi (t)]

meaning that a linear combination of causes produces a combination of effects in
the same proportion
Stationarity or permanence or time invariance
Occurs if the response to a time-shifted input is the time-shifted version of the
output that would occur for the same non-shifted input, or

if T [x (t)] = y (t) then T [x (t ± τ)] = y (t ± τ)
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Filters and memory

Filter
The relationship y (t) = T [x (t)] between input and output signals is expressed
as a convolution integral

y (t) = x (t) ∗ h (t) =
∫ ∞

−∞
x (τ) h (t − τ) dτ

where h (t) is the impulse response of the filter, and convolution is
a linear operator by virtue of the integral distributivity property, and
time invariant since h (t) depends only on the time elapsed since the signal
was applied

Memory
Since the impulse response h (t) of the filter extends over time, the output of the
filter at a given instant depends on the memory of previous inputs values

in this sense, the impulse response acts as a kind of trawl net (more on this,
in due course)
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Ideal and physical feasibility, stability
Ideal feasibility

refers to the case where h(t) is a real signal, and
describes the possibility (at least theoretical) of realizing a concrete device
that implements the filter behavior

Physical feasibility
Also referred to as causality, it describes the inability to observe an output
before having any input applied, or
the output values y (t) at instant t = t0 cannot depend on input values x (t)
at future instants t > t0

It’s automatically checked if h (t) = 0 with t < 0, that is, if the impulse
response is causal

Stability
Bounded (limited amplitude) inputs always produce bounded outputs
Is a consequence of being

∫
|h (t)| dt < ∞, or h (t) is an impulsive signal

The latter condition also guarantees the existence of the Fourier transform
of h (t), i.e. the frequency response H (f ) of the system
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Frequency response
for stable and ideally feasibile systems

If a system is stable and ideally feasibile (i.e. h (t) is real and impulsive) then
the frequency response H (f ) = F {h (t)} has conjugate symmetry i.e.

H (f ) = H∗ (−f )
hence it is sufficient to know the positive frequencies part H+ (f ) of it

▶ in fact the values of H (f ) for negative frequencies can be obtained through a
conjugation operation

the modulus and phase of
H (f ) = M (f ) ejφ(f )

can be measured at the output for any f = f0 by using as input a
cosinusoidal function

x (t) = A cos (2πf0t + θ)
whose amplitude A and phase θ are know

But... what the hell do negative frequencies mean? We will explore this in the
next slide set
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Non-linear systems

These system models are described by a direct (no convolution)
input-output relationship without memory of the type

y (t) = g (x (t))
where g (.) is a generic non linear function

▶ A function y (x) is linear when its power series expansion stops at first order,
and can therefore be expressed in the form

y = ax + b
which is the equation of a straight line

For example, an operator based on the power elevation of the input signal as
y (t) = [x (t)]n ̸=1

is not linear

One of the most relevant consequences of non-linearity is
the onset of output frequencies which were absent in input
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